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Abstract. Let X be the second symmetric product of P* and 9 the double 
cover of the symmetric determinantal quintic hypersurface in P^**. We obtain 
homological properties of .%' and 9 which indicate the homological projective 
duahty between (suitable noncommutative resolutions of) X and 9 . Among 
other things, we construct good desingularizations £ and 9 oi X and 9 , 
respectively, and also a dual Lefschetz collection in 'D^(X) and a Lefschetz 
collection in These are expected to give respective (dual) Lefschetz 

decompositions of suitable noncommutative resolutions of D^IX) and 'D^{'3''). 
The desingularization 9 also contains interesting birational geometries of 9. 
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1. Introduction 

In the previous work jHoTalj . we have encountered an interesting new geometry 
of Reye congruences in dimension three through our study of mirror symmetry of 
Calabi-Yau manifolds. Reye congruences in dimension two have been attracting 
attention for long in relation to geometries of Enriques surfaces }Co| . In dimension 
three, they define smooth Calabi-Yau threefolds. It was found in |IIoTal| that each 
of these Calabi-Yau threefolds is paired with another smooth Calabi-Yau threefold 
which arises naturally in the projective geometry of Reye congruences. 

Let = S^P(y) be the symmetric product of the projective space P(F) = P". 
In terms of the so-called Chow form, we can embed 3^ into the projective space 
P(S^T^) of symmetric (n -I- 1) x (n -I- 1) matrices. Then is identified with the 
Chow variety of 0-cycles of length two, and may also be identified with the rank 
< 2 locus of P(S^F) in the natural stratification by the matrix rank. It is a well- 
known fact in classical projective geometry that this stratification is reversed to the 
corresponding one in the dual projective space P(S^y*). 

The Reye congruences are defined as general linear sections of by (n + 1) 
linear forms on P(S^T^). Since giving (n -\- 1) linear forms is equivalent to fixing 
a linear subspace L ~ C"+^ C S'^V* in the vector space S'^V* dual to S^V, the 
corresponding Reye congruence may be written by X = ^ fl V{L-^). In this form, 
one may notice that the Reye congruence is in accord with the Mukai's construc- 
tions |Mu| of Fano manifolds associated to homogeneous spaces. For example, in 
his classification of prime Fano threefolds, the Fano threefolds of genus 7,8,9, 10 
are constructed by a similar linear sections of suitable homogeneous spaces. Fur- 
thermore, as an outcome of his construction, in the case of genus 7 for example, 
it was found that the intermediate Jacobian of the Fano threefold is isomorphic to 
the Jacobian of the curve which is obtained as the 'orthogonal' linear section of the 
projective dual of the homogeneous space. 

Observing this similarity, we first considered in jHoTal] the Hessian hypersurface 
in the dual projective space hy H — 3^ n P(i), where represents the rank < n 
locus in P(S^F*). Assume that n is even. While the Reye congruence X is a 
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smooth Calabi-Yau manifold, H is a Calabi-Yau variety which is singular along 
a codimension two subvariety. The new geometry found in [loc.cit.] is a double 
covering Y H branched along the singular locus of H. It was shown that K is a 
smooth Calabi-Yau threefold when n — 4. 

To clarify the previous construction, let us note that Jif is the determinantal 
hypersurfacc of degree n + I. We call this as symmetroid in this paper. When n is 
even, we will define the double covering — > J^f branched along the rank < (n—l) 
locus of Jff fProposition l4.2.2|) . We call this covering as double symmetroid. '3^ is 
singular for n > 4 but still has nice properties in view of the minimal model program 
fProposition liXi]) . We denote by ^nP(i) the pull-back of nP(i) under 

. We show that Y = "3^ T\ P(i) is a Calabi-Yau variety in general (Proposition 
14.3. and is smooth when n = 4. Moreover, at the end of Subsection l6.91 we show 
that it coincides with the double covering Calabi-Yau threefolds previously found 
when n ~ 4. 

The recent proposal in |Ku21 IKu4j . called homological projective duality, de- 
scribes the Mukai's construction in terms of the derived category of coherent sheaves 
and a suitable decomposition (Lcfschctz decomposition) of it. More generally, for 
a singular variety, the proposal deals with the so-called noncommutativc resolution 
which is a full subcategory of the derived category of a suitable resolution of the 
singularities. The classical examples of the Fano threefolds of genus 7, 8, 9, 10 due 
to Mukai, which are related to some nice homogeneous spaces, are described in this 
framework jKul| . Also the homological projective dual of the Grassmann variety 
G(2, 7) was shown to be the noncommutative resolution of its projective dual variety 
Pf(7), the PfafEan variety |Ku4| . Under this duality, two Calabi-Yau threefolds are 
obtained |BC[ IKu4| as suitable linear sections in a similar way to the above. While 
we can observe many similarities between our case and the Grassmann-Pfaffian 
case, there are also many dis-similarities between the two. One important differ- 
ence we should note is that ^ as well as "3^ are not homogeneous spaces although 
they admit natural quasi-homogeneous SL (n) actions. 

In this article, we make a first step toward formulating the new geometry ap- 
peared in the previous work within the framework of the homological projective 
duality. 

The homological projective duality, if applies to our case, provides a systematic 
way to describe the derived categories of the (noncommutative resolutions of) lin- 
ear sections of ^ and Showing the homological projective duality in general 
consists of two major steps of finding suitable categorical/noncommutative resolu- 
tions and making suitable (dual) Lefschetz decompositions of them. The categor- 
ical/noncommutative resolutions of 3^ and respectively, should be identified 
inside the derived categories 'D^{J^) and 'D^{?^) as full subcategories by finding 
suitable resolutions — JT' and . 

A natural resolution of .9^ is given by the Hilbert-Chow morphism St = Hilb^P" — >■ 
(Proposition 13. 3. IT) . In this case, it should be rather easy to find the noncom- 
mutativc resolution of ^ in the derived category I?^(^) based on the theory of 
[Ku3| (see }HoTa4| ) . In contrast to this, the singularity of W turns out to be more 
complicated (see the beginning of Section [7] for a brief summary). Because of this 
complication, the theorem |Ku3[ Theorem 4.3] does not apply to this for example. 
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and having the noncommutative resolution seems to be a more difBcult task al- 
though we will find a nice resolution — (Proposition 16.6. ip based on the 
birational geometry of . In this paper, as a strong indication for the homological 
projective duality between W and 5^ , we find a Lefschetz collection which gen- 
erates a full subcategory of 'D^{'W) (Theorem IS.l.ip and also the corresponding 
dual Lefschetz collection in I?''(^') (Theorem I3.4.4p . These two theorems are 
main results of this paper. We expect that these (dual) Lefschetz collections are 
actually the (dual) Lefschetz decompositions of the noncommutative resolutions of 
'3/ and jr. 

The construction of this paper is as follows: In Section [3l we summarize some 
basic properties of the Chow variety 2^ ^ and construct the Hilbert-Chow morphism 

— >■ . Using these, we construct the dual Lefschetz collection in V^i^X^. Also 
some basic properties of the Calabi-Yau manifolds of Reye congruences are sum- 
marized. In Section |4l we introduce the determinantal hypersurface (symmetroid) 
J^, and using the geometry of singular quadric parametrized by we define its 
double cover, i.e., the double symmetroid '3^ . We define a Calabi-Yau variety Y in 

and for n = 4, we determine topological invariants of Y from geometries of 
(Proposition l4".3.4p . In Section[5l we elaborate the birational geometry of '¥ by 
relating it with the Hilbert scheme of conies on Grassmann G(3, V) (Proposition 
I5.3.1[) . There, we classify such conies and summarize basic properties of them. In 
Section [6l we further develop our study of the birational geometry of '3/ . In partic- 
ular the Grassmann bundle G(3,r(— 1)^^) over P(y) will be introduced, and the 
so-called two ray game (Sarkisov link) of this Grassmann bundle is studied in de- 
tail to obtain the announced desingularization of (sec Fig. 2 and the diagram 
(|6.20p for summary). The morphism '¥ turns out to be a divisorial contrac- 

tion which is negative with respect to the canonical divisor (Propositions [679 .11 and 
E12I). Through the construction of ¥ from G(3, r(-l)'^2)^ .^^g g^^^j ^j^j-gg locally 
free sheaves 5l, Q, and T on (Definitions 16.7.11 and 16.7.31) . which generate a 
Lefschetz collection in P^(^^). It should be emphasized here that our viewpoint of 
as a birational model of the Hilbert scheme of conies on G(3, V) enables us to as- 
sociate moduli theoretic meaning for each of the birational models of G(3, r(— 1)^^) 
(see Subsection 16. 8p . In Section [3 we further study the exceptional divisor of 

divisorial contraction — >■ ^ by describing geometries of double lines on G(3, 1^), 
i.e., conies of rank one. We determine the global structure of in Proposition 

17.2.51 and special fibers of — >■ in Proposition 17.3.11 This section is necessary 
for our cohomology calculations in the subsequent section. In Section [H we find 
a Lefschetz collection in 'D^{^'¥^ and observe a certain duality between the quiver 
diagrams associated to the Lefschetz collection in ^^[W) and the dual Lefschetz 
collection in r»''(^) respectively and ([8T|l ). 
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Glossary of notation. 

Throughout the paper, we work over C, the complex number field. 

We often identify Cartier divisors with the corresponding invcrtible sheaves. 

P(VF) : the projectivization of a vector space W. 

■— C'p(TV)(l)|x if a variety X is naturally embedded in P(VF). 
F{£) : the projectivization of a locally free sheaf £" on a variety X. 

: the tautological divisor of P(£). 
Op(£)(l) : the tautological invertible sheaf of ¥{£). 

G(r, £) : the Grassniann bundle which parametrizes (r — l)-dimensional linear 
subspaces in fibers of P(f ). 

V: a (fixed) n + 1 dimensional complex vector space. P" := P(y). 
Vf. an i-dimensional vector subspace of V. 

SC = Chow¥(y): the Chow variety of 0-cycles of length two in P(y). 

= Hilb^P(y): the Hilbert scheme of 0-dimensional subschemes of length 
two in P(y). 

L g- : the pull-back of 00(2, y)(l) by the morphism ^ G(2, V). 
H £ : the pull-back of 0^ (1) by the morphism 3^ — . 
^ : the symmetroid of degree n + 1 in V{S'^V*). 

'3/ : the double symmetroid, i.e., the double cover of Jf ramified along the 
locus of quadrics in V(V) of rank less than or equal to n — 1 for an even n. 
P : a general n-plane in P(S^y*). 

X := ^ OP-^, which is a Calabi-Yau manifold of dimension n — 1 if n is even. 
H :— .J/tfriP, the symmetric determinantal hypersurface with trivial canonical 
class. 

Y : the pull-back of by — > J^, which is a Calabi-Yau variety of dimension 
n — 1 for an even n. 

F(a, 6, V) := {(K, Vb) | K C H C (the flag variety). 

The universal exact sequences on the Grassmanianns for V (ti = 4) : 

-> J* -> y ® OG(2,y) ^ S ^ 0, 

^ It* ^ y ® CG(3,y) ^ W ^ 0, 

3^ : the dual of the universal subbundle of rank two on G(2, V), 
S ■ the universal quotient bundle of rank three on G(2, V), 
XL : the dual of the universal subbundle of rank three on G(3, T^), 
W : the universal quotient bundle of rank two on G(3, T^). 

We also use the following notation which simplifies lengthy formulas: 

0(1) :=Op(y)(l). 

n{l)^' ■= A*(np(y)(l)) for i > 2. 

n-l) :=Tp(y)(-l). 

T(-l)^* := A'(r(-1)) for i > 2. 

0{i) := Ov(y){i) for i G Z. 
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2. Preliminaries 

For the computations of cohomology groups which appear in this paper, we 
use the Bott theorem about the cohomology groups of Grassmann bundles below 
extensively. 

For a locally free sheaf £ of rank r on a variety and a nonincreasing sequence 
/? = /32, ■ • ■ , fir) of integers, we denote by 1L^£ the associated locally free sheaf 
with the Schur functor Y.^ . 

Theorem 2.0.1. (Bott theorem) Let tt: G{r,A) X be a Grassmann bundle 
for a locally free sheaf A on a variety X of rank n and 0— 5-Q— > 
the universal exact sequence. For (3 :~ (Q:i,...,ar) G Z,^ (ai > ■■• > ar) 
and 7 :— {ar+i, ■ ■ ■ ,an) G Z"~'' (ar+i > ••• > o^n), we set a :— (/3,7) and 
V{a) := Z^iS ig) Y."^ Q* . Finally, let p {n, . . . , 1), and, for an element a of the 
n-th symmetric group &n, we set cr*(a) := a{a + p) — p. 

(1) If (7 (a + p) contains two equal integers, then i?V,V(a) = for any i>Q. 

(2) // there exists an element a € ©„ such that (j{a + p) is strictly decreasing, 
then WTT^V{a) = for any i > except R^^"'^ tt {a) = where l{a) 
represents the length of a € ©„. 

Proof See [B3, P, or [Wl (4.19) Corollary]. □ 



In this paper, we adopt the following definition of Calabi-Yau variety and also 
Calabi-Yau manifold. 

Definition 2.0.2. We say a normal projective variety X a Calabi-Yau variety if 
X has only Gorenstein canonical singularities, the canonical bundle of X is trivial, 
and h^{Ox) = for < i < dimX. If X is smooth, then X is called a Calabi- 
Yau manifold. A smooth Calabi-Yau threefold is abbreviated as a Calabi-Yau 
threefold. [] 



3. Geometries of Chow^P(l/) 

3.1. Chow¥(V^) and quadrics in ¥{V). 
Let 

^ := Chow¥(V) 

be the Chow variety of 0-cycles in F(V) of length 2. is embedded in the projective 
space P(S^y) for the symmetric product S^V := Sym V. When we denote the 
homogeneous coordinate of P(S^l^) by Wij = Wji {1 < i, j < n -\- 1), the embedding 
is given by the so-called Chow form; 

(3.1) wu = XjT/j, Wij Xiy-j + xjyi {i ^ j), 

where Xi,yi (1 < i < n -|- 1) are coordinates of F{V) (cf. |GKZ1 Theorem 2.2]). We 
may view this as a morphism V{V) x F{V) — >■ ¥{5'^V). Then, since the Wij generate 
all the polynomials symmetric under Xi o y^, we naturally have an isomorphism 
^ ~ S'^F{V). Then we may identify P{S'^V) with the dual of the space of the 
symmetric (1, l)-divisors on P{V) x P{V). Moreover, S^P(y) is defined by all the 
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3x3 minors of the generic (n + l) x (n + l) symmetric matrix (wy), namely, S^P(V^) 
is the locus of symmetric matrices of rank less than or equal to two. 

On the other hand, a quadric in P{V) is represented as *xAx = with *a; = 
(xi, • • • , Xn+i) and an (n + l) x [n + 1) symmetric matrix A. We denote by Qa the 
quadric defined by a symmetric matrix A, and by qA{x) the quadratic form ^xAx. 
The projectivization of the vector space of all the (n + l) x (n + l) symmetric 
matrices may be identified with P(S^F*), which is dual to ¥{S'^V). More explicitly, 
we can write the dual pairing by 

A-w= ^ aijWij, 

l<i<j<n+l 

where w = (wij) E P(S^F). By p.ip . we have the equality 

(3.2) A-w^y^ *xAy, 

where w^y is the image in ¥{S'^V) of {x,y) G F{V) x P(V^). 



3.2. Projective duality of Sec'^g- 

When we restrict the morphism P{V) x ¥{V) F{S'^V) obtained as above to 
the diagonal, we obtain the second Veronese morphism of P(l/). We denote by 
^0 = V2{F{V)) its image. Then it is easy to see that S^P(l^) is defined by all the 
2x2 minors of the generic (n + l) x (n + l) symmetric matrix (wij), namely, is 
the locus of symmetric matrices of rank one. By the characterizations of ^ and 
with rank condition as above, we see that ^ is the secant variety of namely, 

^ = U{(p,g) \p,qe ^o,p^q}, 

where (p, q) is the line through p and q. 

The second Veronese variety is one of the Scorza varieties classified by Zak 
(see [Z|, |Chj ) . Associated to we naturally have the tower of higher secant 
varieties. Recall that, for projective varieties X,Y C P^, in general, their join is 
defined as 

J{X, Y) := U{{p,q)\peX,qeY,Py^q}. 
The higher secant varieties are defined inductively by Sec™X := J{Sec"'-^X,X) 
with Sec°X := X. Note that Sec^X is nothing but the secant variety of X. Since 
3fo is the locus of symmetric matrices of rank one, one may identify Sec*,!?^o with 
the locus of symmetric matrices of rank < i + 1 since a general point of Sec' 
corresponds to a sum of [i + 1) matrices of rank one. In particular, it holds that 
Sec"^o = HS^V) and Sec""^ JTq is the hypersurface of degree n + 1 defined by 
the determinant of the generic symmetric matrix (wij). In summary, we have the 
tower of the secant varieties: 

0C JTo C Sec^^o C Sec^^o C ••• C Sec"-^jro cSec"jro. 
(3.3) li II II 

V2mv)) p(S2y) 

It is known that dimSec',^o = (* + 1)"- ~ '^'^ . This tower gives the orbit 
decomposition of the action of SL on F{S^V). Precisely, Sec* J:"o \ Sec'"^ JTq 
is an SL „_|_i-orbit for any i since any two symmetric matrices of the same rank are 
transformed to each other by SL„+i. It is known that Sec'"*"^^ is the singular 
locus of Sec*^. In particular, ^ = Sing 



8 



Double quintic symmctroid 



In the dual projective space F{S'^V*) to P(S^V^), we consider the dual varieties 
(Sec*,^o)* of Sec*,^Oj namely, (Sec*^)* is the closure of the locus of the hyper- 
planes of P(S^y) tangent to Sec',^ at smooth points. Verifying the tangent space 
of Sec*<^o at a general point, we see that (Scc*J?^o)* is the locus of symmetric 
matrices A of rank < n — i. In summary, we have the dual tower to p.3p : 

F{S^V*) D ( JTo)* 3 (Sec^ JTo)* 3 (Sec^ J:o)* D • • • D (Sec""^ JTo)* 3 0- 
(3.4) II II 

Throughout this paper, we set 

Jff := i^oT- 

M' is the symmetric determinantal hypersurface in P(S^y*), which is called the 
symmetroid. 



3.3. ^ = Hilb¥(y) and G{2,V). 

By the construction of the double cover P{V) x F{V) we see that ^ has 

quotient singularities of type 5(1") along the singular locus ^ = V2{P{V)). In 
particular, :3t^ is Gorenstein if and only if n is even. 

Hereafter in this subsection, we assume that n is even. We set 

which is the Hilbert scheme of 0-dimcnsional subscheme of F{V) of length 2 (we 
simply call it the Hilbert scheme of two points on F{V)). Recall that the Hilbert- 
Chow morphism /: .^^T — >• ^ is the blow-up of ^ along the singular locus ^q. 
Therefore we have 

(3.5) K^. = -{n + 1)F^; + ^Ef. 

Since the 0-dimensional subscheme on F{V) of length two determines a line on 
P(y), we have a natural morphism g: ^ G(2, V): 




36' G(2,F). 
Let 3^ be the dual of the universal subbundle of rank two on G(2, V). 



Proposition 3.3.1. The Hilbert scheme S(y of two points on F(V) is isomorphic 
to P(S^9^*). In particular, f : j?r — > J?^' is a desingularization of 2J . 

Proof. By definition, F{T) -> G(2, V) is the universal family of lines on F{y). The 
fiber of g over a point [^] G G(2, V) is identified with Hilb^/ = S^L Hence the claim 
follows. □ 

We set 

Hg- = f*Ox{l) and L,^ = g*OG(2.v)(l). 
By Proposition 13.3.11 we see that / follows from the natural morphism P(S^?'*) — > 
P(S2V). Hence H^- is the tautological divisor for P(S2j*). 
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We denote by Ef the /-exceptional divisor. We see that Ef ~ P(5'*), namely, 
Ef is isomorphic to the total space of the universal family of lines on F{V) since 
Ef C Hilb^P(y) parameterizes pairs of points x € ¥(y) and lines I through x. 

Moreover, from the relative Euler sequence — >■ O^- — )- g*(S^9^) <Si 0£-{l) — > 
/G(2 V) ~^ have 

(3.6) = -3H^- - {n-2)L^. 

By (1131) and dH]), we have 

n — 2 

(3-7) -^Ef^in-2)iH^~L^). 



3.4. Constructing a dual Lefschetz collection in 2?^(^ ). 

We recall some basic definitions from the theory of triangulated categories (cf. |BOj ). 

Definition 3.4.1. An object £ in a triangulated category V is called an exceptional 
object if Hom(£, ~ C and Hom* (£, £) ~ for • =^ 0. [] 

Definition 3.4.2. A sequence 2?i, . . . ,2?m of admissible triangulated subcategories 
in a triangulated category V is called a semiorthogonal collection if HomD(I?i, Vj) ~ 
for any i > j. Moreover, if 2?i, . . . , Vm generates 2?, then it is called a semiorthog- 
onal decomposition. 

A semiorthogonal collection of exceptional objects £i , . . . , f „ is called an excep- 
tional collection. Moreover, if Ext*(£'i, fj) ~ holds for any i,j and any • > 0, 
then it is called an strongly exceptional collection. [] 

Hereafter, in this article, we restrict our attention to the cases of the derived 
categories of bounded complexes of coherent sheaves on a variety. In such 
special type of semiorthogonal collection plays an important role (cf. |Ku2[ lKu4] ). 

Definition 3.4.3. For a variety X, a Lefschetz collection of 2?^(X) is a semiorthog- 
onal collection of the following form: 

Vo,Vi{l),...,V,n-i{m-l), 

where it holds that C V„i-i C Vm-2 C • • • C C I?^(X) and (k) means the 
twist by L®'' with a fixed invertible sheaf L. Moreover, if ^-'i (l)j • ■ • j 'Dm-i{'m — 
1) generate I?''(X), then it is called a Lefschetz decomposition. 

Similarly, a dual Lefschetz collection of 2?''(X) is a semiorthogonal collection of 
the following form: 

2?,n-i(-(m - l)),2?,„_2(-(m - 2)), . . . ,2?o, 

where it holds that C C I?m-2 C • • • C I?o C V''{X). Moreover, if 

Ari-i(— ("1 — l)),2?„i_2(— (™ — 2)), . . . , 2?o generate 'D''{X), then it is called a dual 
Lefschetz decomposition. [] 

Now, based on the geometry of the projective bundle ^ — P(S^9^*) over G'(2, V), 
we construct a dual Lefschetz collection in 'D^{^) by restricting our attention to 
the case n = 4. Other cases of n > 4 should be done in a similar way, but we 
confine ourselves to this case to avoid possible complications. 
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We may naturally conceive the sheaves O £■ and g*3' as the objects in the (dual) 
Lefschetz collection. Recall by Proposition 13.3.11 we have ^ = P(S^9^) and as- 
sociated Euler sequence — )- Op^^s j*) (— 1) ^ g*S^3^ — > Tpf^^2^'yQ(^2 v)^^^^ ^ ^■ 
Twisting this by 2L^- we obtain an injection 

(3.8) (p : 0^{-H^ + 2Lg;) {g*S^T){2L ~ g*S^J, 

where we use J* (g) e'G(2,v)(l) = Z^i'i^J ~ J. The cokernel of this 

injection, which is also Tjp(s25'*)/G(2 v)^~'^st + ^L^-), plays a role in the following 
theorem: 



Theorem 3.4.4. (1) Let 

{J^3,J^2,J^ia,J^ib) = {O^, g*7, Cokcr(/?, 0^{L^)) 

he an ordered collection of sheaves on . Then (/Ci)i<i<4 := {JF^f^, J-^^, J-2 , J'^] 
is a strongly exceptional collection of T>^{3^), namely satisfies 

H'iJC* ® ICj) = for 1 < i, j < 4 and • > 

and H°{IC* ® JCj) = (i > j), iJ°(/C* ® JC,) C (l < i < A). 
(2) For i < j, H^{IC* (X) K-j) are given by 



H\f; ® F^a) - V*, i/°(J-* (g> Fib) - V*, H\Fl^ ® Fu) ~ 0, 
which may be summarized in the following quiver diagram: 



(3.9) 



F?. o 




(3) SetVg- := {Flf^, F^^, F^ , Fi,) (ZV^{£). Then 

is a dual Lefschetz collection, where (— t) represents the twist by the sheaf 



We prepare the following lemma for our proof of the theorem. 

Lemma 3.4.5. Set = /C* ® IC-j (1 < i,j < 4). For C ^ , it holds that 

H'{£,C{~t)) ~ H^-'{£,C*{t - 5)) for any t. 

Proof By the Serre duality and K^- = —5H^ + Ej, we have H*{^ ,C{~t)) ~ 
H^~'{£ ,C*{{t - ^)Hg; + Ef)) for any t. By the exact sequence 

^ C*{{t - 5)) ^ C*{{t - 5)H^. + Ef) ^ C*((t - 5)H^. + Ef)\E, ^ 0, 
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we have only to show that H^-'{Ef,C*{{t - 5)H^- + Ef)\Ef) = 0. Shice Ef 

~ is a P'^-bundle, it suffices to show the vanishing of cohomology groups 
of the restriction of C*{(t - 5)H^ + Ef)\Ef to a fiber T of Ef ^ JTo- Note that 
0£-{Ef)\r — Op3{—2) and O £-{H£-)\r — Opa. As we note in the end of Subsection 
13.31 Ef parameterizes pairs of a point x £ ¥{V) and a hne I through x. Therefore 
a fiber F = parameterizes lines through one fixed point. This implies that 
5*J|r ^ Op3 © C'p3(l). Restricting the natural injection Oa^{—H£-) g*S'^9* to 
r, we have an injection 

Op3 Op3 ® Op3(-l) ® Op3(-2). 

Therefore, by the definition of J^ia, we have J^io|r — Ops ® Op3(l). Consequently, 
C*{{t - 5)H^ + Ef)\r is a direct sum of Op3(-l), Op3{~2) and e'p3(-3) for any 
C — Cij and t, hence all of its cohomology groups vanish. □ 



Proof of Theorem \'SA.4\ @ Note that, for the proof of (3), it suffices to verify 

H'm ® ICji-t)) =0 (1 < j < 4, 1 < i < 4) 

for • > 0, since T> ^ is generated by /Ci(l < « < 4). Therefore, the claims (1),(2),(3) 
follow from explicit evaluations of the cohomology groups. Since the computations 
arc similar, we only explain some of them below. Note also that we may assume 
that t = 0, 1, 2 by Lemma |3.4.5[ which simplifies the computations considerably. 

As for H'i^tXiii-t)) = H'{£,0^{-t)) (0 < t < 2), they vanish except in 
the case where t = since g is a P^-bundle and hence Rgl,0^{—t) = for t = 1,2 
and i > 0. H*{^ ,0^) vanish except H^{^ ,0 a^) by the Kodaira vanishing 
theorem. 

As for H'{£\C^i{.-t)) = H'{£',g*y{-tHg-)) (0 < t < 2), they vanish except 
in the case where < = by a similar reason. We have 

which vanish except H°{G{2, F), J) ~ V* by the Bott theorem [^TTTI 

As for H'{3t ,C2i{-t)) = H'{£t ,Cokcvip{-t)) (0 < t < 2), consider the exact 
sequence 

^ 0^{-{t+l)H^ + 2Lgf) ^ S^-{g*J){-t) Coker(/3(-i) ^ 0. 

Since g is a P^-bundle, H'{^, O g^[—{t+l)H g^ + 2L ^)) vanishes except possibly in 
the case where i = 2, and H'{^', S'^{g*3^){—t)) vanishes except possibly in the case 
where t ~ 0. Since K^- = — 3i?^ — 2L^, H'{^, O ^{—ZH £ + 2L ^)) is Serre dual 
to H^~'{t ,Og-{-'iL^)), which is isomorphic to i?8-*(G(2, V), OG(2,y)(-4)), 
and hence vanish. We have H*{£ ,S'^{g*J)) ~ H*(G{2,V),S'^'J), which vanish 
except H0(G(2, V), J) ~ S^V* by the Bott thcorcm[2l31 □ 



The triangulated subcategory generated by the dual Lefschetz collection is con- 
tained in the derived category 'D^{^), 

(3.10) (2?^(-4), . . . ,I?^(-1),I?^-) C V\£). 
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Since ^ ^ is a resolution of rational singularities whose exceptional locus is 
an irreducible divisor Ef, we have a triangulated subcategory V C called a 

categorical resolution of for every dual Lefschetz decomposition of 'D^{Ef) 

jKu31 Theorem 1]. There is a natural dual Lefschetz decomposition of T>{Ef) for 
the P'^-fibration Ef ^ = V2{^^) jSaj . Then we can verify that the categorical 
resolution T) is strongly crepant since is Gorenstein and the dual Lefschetz 
decomposition is rectangular and also has length equal to the discrepancy of the 
resolution /. 

It is expected that the subcategory p.lOp coincides with the categorical, strongly 
crepant resolution V. Namely, the dual Lefschetz collection is expected to give the 
dual Lefschetz decomposition of the triangulated subcategory T). It is also expected 
that T) is equivalent to the noncommutativc resolution 'D^{,9y ,71) of asso- 
ciated to the sheaf 

7^ f^£nd{0^ ® 0^{-L^)). 

Detailed study will be presented in a future publication |HoTa4| . 

In the next section, we will introduce the the double cover 'S^ of the symmctroid 
J^. After making a nice resolution of — > in Subsection l6.61 we find a Lefschetz 
collection in the derived category 'D^{'3^) in Theorem 18.1.11 

(3.11) {V^,V^{l),---V,-^{9)) CV\¥). 

Since the singularity of the double symmctroid is complicated, the theorem |Ku31 
Theorem 1] seems to be difficult to apply for the resolution — > to obtain the 
categorical resolution V of D^{?^). However, we expect that the Lefschetz collection 
p. lip gives a Lefschetz decomposition of a categorical crepant resolution, if exists, 
of We present further discussions about the relations between the (dual) 

Lefschetz collections p.lOp and p. lip at the end of the next subsection. 



3.5. The Calabi-Yau manifold X of a Reye congruence. 

For generality of arguments below, consider for any n > 0. We choose a 
general linear subsystem P in |C'a; (l)| of dimension n. We regard P as a general 
n-plane in ¥{S'^V*) associated with a linear subspace L ~ C""*"^ C S'^V*, i.e., 
P = P(£). Explicitly we assume the form P = \Qai,Qa2j ■ ' ■ : <3a„+i| with the 
quadratic forms (1 < « < + 1) on P(F). 

Let P^ = P(i^) C P(S^V^) be the orthogonal projective space with C S'^V, 
and define X := ^ O P^. X is naturally identified with the complete intersection 
in ^ S^F(V), 

X = {Al ■ Wxy = ■■ ■ = An+1 ■ Wxy = 0} H 

Since P is general, the orthogonal space P^ is disjoint from Sing ,9y from dimen- 
sional reason, and hence X is smooth by the Bertini theorem. Conversely several 
properties of X follows from assuming only that X is smooth; first of all, smooth- 
ness implies that P^ is disjoint from Sing ^ = J2^q, hence we may consider X is 
embedded in ^ . Moreover, we see the following properties: 

Proposition 3.5.1. The morphism <^ — > G{2,V) gives the isomorphism X = 
g{X). The linear system P of quadrics is free from base points. 
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Proof. Both assertions follows from X n ^'o = in 

We start with the first assertion. Since X is fiberwise a linear section with 
respect to g, we have only to show that if a fiber £ oi g intersects X, then X O £ 
consists of only one point. Assume the contrary. Then X n £ is a linear subspaee 
of £ of positive dimension. Since Ef O £ is a. conic in £, we have Ef O X (d, a 
contradiction to that X n ^ in 

As for the second assertion, we note that the base locus of P is given by {x \ 
A ■ Wxx = ^xAx = for any [A] G P}, where A ■ Wxx = ^xAx follows from (|3.2p . 
This is empty if and only if X n JTq = 0. □ 

The Reye congruence is a line congruence in G{2,V), which is nothing but the 
isomorphic image of X under g : — )■ G(2, y) (cf. |01j ) . In this paper we often 
identify X with g{X\ 

Below, we present a characterization of X C G(2, y) by the projective geometry 
of quadrics in P. For a point [Z] € G(2, V), we denote by Pi the subspaee of P which 
parameterizes quadrics in P(l/) containing the line /, namely, if we write / — (a;, y) 
with a;, y e P(V^), then Pi = {{A\ e P \ ^xAy = ^xAx = ^yAy = 0}. 



Proposition 3.5.2. A point [I] E G(2, V) is contained in X C G(2, V) if and only 
if Pi is an {n — 2) -plane. 

Proof. First wc show that, for any [I] G G{2,V), dim Pi < n — 2. Assume by 
contradiction that dim Pi > n — 1 . Then all the quadrics [Qa] G P contains I or 
the restrictions of quadrics [Qa] € P to I reduce to a unique quadric on I. This is 
a contradiction to the second statement of Proposition 13.5.11 

Assume that [I] G X. We have only to show dimP; > n — 2. By Proposition 
13.5.11 there exists a unique Wxy E X d 3y such that I = {x,y). Since X = ^nP^, 
we have *xAy = A ■ Wxy = for any [A] € P by ((3?2)) . Therefore Pi = {[A] £ P \ 
^xAx — *yAy — 0}, and hence dimP/ > n — 2. 

Conversely, assume that dimP; = n — 2. We may choose a basis Ai, . . . , A„+i 
of P such that Ai, . . . , A„_i form a basis of P;. Then the restrictions of quadrics 
[Qa\ £ P to / form the pencil of quadrics on / spanned by QAn\i and (5A„+i|i- 
The corresponding pencil of symmetric (1, l)-divisors ot\ I x I has two base points 
{x,y) and {y,x) with x ^ y since the base points of this pencil are disjoint from 
the diagonal. Then note that I = {x,y). By the definition of {x,y), we have 
*^xAny = *xAn+iy ~ 0. By the choice of Ai, . . . ,An-i, wc have *xAiy = 
'^xAn-iy = 0. Therefore '^xAy = for any [A] £ P. This implies that Wxy £ X hy 

□ 

When n is even, X is a Calabi-Yau {n — l)-fold and satisfies: 

Proposition 3.5.3. tti{X) ~ Z2 and Pic X ~ Z® Z2, where the free part of Pic X 
is generated by the class D of a hyperplane section of 3^ restricted to X . 

Proof. Consider the complete intersection X in P(l/) x P(F) defined by the pull- 
back of P. Then we have the projection morphism vr^j; : X — > A". 

By the Lefschetz theorem, 7ri(A) = {1}. Since the map vr^ is an ctale double 
cover, we have 7ri(A) ~ Z2. 
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Let E be any effective divisor on X. Since tt^E is Z2-invariant, it is of type 
(m, to) with some non-negative integer m. We may choose a homogeneous equation 
Fe of T^^E as symmetric or skew-symmetric. If Fe is symmetric, then E ^ mD. 

Assume that Fe is skew-symmetric. Let _D be a skew-symmetric (1, l)-divisor. 
Then Tr~E—mD = div (a), where a is a Z2-invariant rational function of X. Then a 

is the pull-back of a rational function /3 of X, and we see that E — mTTj^^D = div (/?) 
by looking at the zero and pole of /3. Therefore PicX is generated by the classes 
of D and tt^^D. Since 2D ^ 27r^^i5, we conclude that PicX ~ Z © Z2. □ 

When n = 4, X is a Calabi-Yau threefold with the following invariants [HoTall 
Proposition 2.1]: 

deg(X) = 35, C2.D^50, h'^''^{X) ^ 26, h^'\X) ^ 1, 

where C2 is the second Chern class of X. 
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4. The double symmetroid W and the Calabi-Yau variety Y 

Consider a Calabi-Yau {n — l)-fold X of Rcyc congruence for arbitrary even 
n. Under the projective duality p.4p . we find that X is naturally paired with 
another Calabi-Yau variety H in the symmetroid ^ (see [HoTal] for n = 4). The 
geometry of the symmetroid ^ was studied in detail by Tjurin |Tj| . In particular, 
he defined a double cover '3^ — >■ J^, which we call double symmetroid. In this 
section, we elaborate Tjurin's construction. By considering linear sections of this 
double cover, we define a Calabi-Yau variety Y for arbitrary even n. For n = A, Y 
turns out to be a smooth Calabi-Yau threefold. We will remark that the Calabi-Yau 
threefolds X and Y arise naturally from the (dual) Lefschetz collections (|3.10p and 
assuming the projective homological duality [Ku2i lKu4j in our case. 



4.1. The resolution of J^. 

Let us define 

:= {{x, A)\Ax = 0}c F{V) x F{S^V*). 

The variety parameterizes pairs (a;. A) such that x is contained in the singular 
locus of the quadric Qa- The image of ^ by the natural projection prj : P(V) x 
P(S^V*) — >■ P(S^V*) is nothing but the locus of singular symmetric matrices, which 
is the symmetric determinantal hypersurface (symmetroid) Jif. The morphism 
^ — is one to one over the locus of matrices of rank n since the singular locus 
of a quadric of rank n consists of one point. Moreover, by a similar reason, the fiber 
is isomorphic to P"~' over a point in the locus of matrices of rank i. The natural 
projection pr^^ : F(V) x P{S'^V*) — )■ ¥{V) represents as a projective bundle over 
P{V), where the fiber over a point x of F(V) is the space of singular quadrics in 
P{V) containing x in their singular loci. In particular ^ is smooth. We can regard 
as the space of quadrics in P"~^, where P"~i is the image of the projection 
P{V) --^ P"-i from X. 

Proposition 4.1.1. ^ ~ P(S2(0(1))). 

Proof. Let [Vi] G P{V) be a point. Since the Euler sequence of P{V) 

o{-i) -^V(E)0^ r(-i) 0, 

restricts over the point [Vi] to Vi — >■ V — >■ V/Vi — ?> 0, we see that the fiber 
of i^(l) at [Vi] is (V/Vi)*, which parameterizes hyperplanes oi¥{V) through [Vi]. 
Therefore the fiber of P(f2(l)) P{V) over [Vi] parameterizes hyperplanes oiP{V) 
through [Vi]. The fiber of P(S^(r2(l))) — ?• ¥{V) over [Vi] parameterizes quadrics 
in ¥{V) which are given as the sum of the products of hyperplanes though [Vi], 
namely, quadrics in F{V) singular at [Vi]. □ 



We have obtained the following diagram: 
(4.1) =¥{S^{n{l))) 



pr2 



¥{V) 



jr. 
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4.2. The double covering ^ of .M' . 

Here we construct the double cover of .J^, the double symmetroid, by consid- 
ering ^-planes contained in each singular quadric. 

Let us first consider a variety 2f which parameterizes the pair of quadrics Q and 
^-planes P(n) such that P(n) C Q. To parametrize ^.-planes in P(F), consider the 
Grassmaniann G(^^^Y^, V^). Let 

(4.2) O^W*^ V*(»Oc(2+2^^^ ^U^O 

be the dual of the universal exact sequence on G{^-^^, V), where W is the universal 
quotient bundle of rank ^ and 11 is the dual of the universal subbundle of rank 
^i±^. For an 2:_planc P(n) C P(l^), there exists a natural surjection S'^V* — > 
S^iJ"(P(n), Op(n)(l)) such that the projectivization of the kernel consisting of the 
quadrics containing P(n). By relativizing this surjection over G(^^^^, V), we obtain 
the following surjection: S^V* ^ OQ(2i±2 — >■ S^U. Let 8* be the kernel of this 
surjection, and consider the following exact sequence: 

(4.3) 0^£* ^52^*^0(3(2+2 ^S^lt^O. 

Set = f{£*) and denote by the projection ^ ^ G(^,V^). By (g^J, iT 
is contained in G(^^,F) x f'{S'^V*). Since the fiber of £* over [E] parameterizes 
quadrics in f'{V) containing P(n), wc have 

iT = {([n], m I p(n) c Q} c G(^, v^) X P(SV*). 

Note that Q in ( [H] , [Q] ) £ is a singular quadric since a smooth quadric docs not 
contain ^-planes. Hence the symmetroid is the image of the natural projection 
P(S2y*). Now we introduce 

the Stein factorization of .2° — > By (|4.3p . the tautological divisor i/p(f) of 
P(£*) — > G(^^, V^) is nothing but the pull-back of a hyperplane section of ^ . We 
set 

M^' := iJp(£:.) = 7r|. o /3|,0.jr(l). 
We denote by .^gj the fiber of ^ — >■ over a point [Q] e 

Lemma 4.2.1. for a quadric Q of rank n, the fiber ^[q] is the disjoint union of 
two copies of orthogonal Grassmann OG(^,n). 

Proof. The quadric Q of rank n induces a non-degenerate symmetric bilinear form 
q on the quotient V/Vi, where Vi is the 1-dimensional vector space such that [Vi] is 
the vertex of Q. Then ^.-planes on Q naturally correspond to the maximal isotropic 
subspaces in V/Vi with respect to q, which are parameterized by the disjoint union 
of two copies of orthogonal Grassmann 0G(^, n). □ 

Proposition 4.2.2. The morphism '3^ — > is of degree two and is branched along 
the locus of quadrics of rank less than or equal to n — 1. 
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Proof. By Lemma [4. 2. 11 the degree of — > J^f is two since 3f[Q] has two connected 
components for a quadric Q of rank rt. If a quadric Q has rank less than or equal to 
ri — 1, the family of ^i-planes in Q is connected. Hence we have the assertion. □ 

By this proposition, we see that W parameterizes connected families of ^-planes 
in singular quadrics in P{V) (cf. Fig.l). 

Definition 4.2.3. Related to the morphism (hy -.W ^ ^ , we define Gay to be the 
inverse image by of the locus of quadrics of rank less than or equal to n — 2. [] 

Since Ga>/ is contained in the ramification locus of , it is clearly isomorphic to 
the locus of quadrics of rank less than or equal to n — 2. 

'W has the following nice properties in view of the minimal model program. 

Proposition 4.2.4. The Picard number of is two and tt^ : !^ '3/ is a Mori 
fiber space. In particular, '3^ is a Q-factorial Gorenstein canonical Fano variety 
with Picard number one. Moreover, '3/ is smooth outside Goj/ and the Fano index 
of^ IS liil^. 

Proof. Since is a projective bundle over G(^^^,F), its Picard number is two. 
Note that the relative Picard number of vrgp : -> is one, then we see that the 
Picard number of W is one. Since a general fiber of tt^ is a Fano variety by Lemma 
14.2.11 TTs- is a Mori fiber space. By |KMM1 Lemma 5-1-5], ^ is Q-factorial, and, 
by |F-o[ Corollary 4.6], '3^ has only kawamata log terminal singularities. is a 
Gorenstein Fano variety since it is a double cover of a Gorenstein Fano variety 
and the ramification locus has codimension greater than one by Proposition 14. 2 .21 
Thus has only canonical singularities. 

As we mentioned in Subsection 13.21 the singular locus of M' is the locus of 
quadrics of rank less than or equal to n — 1. Since ffy: '3^ is etale outside 

this locus, '3^ is smooth outside the inverse image of this locus. Moreover, by the 
proof of |HoTall Lemma 3.6], J(f has only ordinary double points along the locus 
of quadrics of rank n — 1. Since is ramified along this locus, is smooth along 
the inverse image of this locus. Therefore is smooth outside Gg^. 

Since = the Fano index of ^ is liil^. □ 

Remark. We will show that '3' has only terminal singularities when ti = 4 (see 
Proposition [623). D 

When n = 4. we have more detailed descriptions of the fibers of fhj^. 

Proposition 4.2.5. If Tank Q — 4, then ^[q] is a disjoint union of two smooth 
rational curves. Each connected component is identified with a conic on G{3,V). 
//rankQ = 3, then ^[q] is a smooth rational curve, which is also identified with a 
conic on G(3, V). //rankQ = 2, then 2^\q\ is the union of two 's intersecting at 
one point. //rankQ = 1, then 2^\q\ ^ (non-reduced) P'^. 

Proof. If rankQ = 4, the fiber !^[q\ consists of two disconnected components, and 
is isomorphic to the orthogonal Grassmann OG(2,4) by Lemma r4.2.1l To be more 
explicit, let [Vl] S P(l^) be the vertex of Q. Then the quadric Q is the cone over 
X P^ with the vertex [Vi]. There are two distinct P^-families of lines on P-^ x P^. 
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Each of the famihes can be understood as a corresponding conic on G{2,V/Vi), 
which gives one of the connected components of OG(2,4). Under the natural map 
G{2,V/Vi) — > G{3,V), we have a family of 2-planes on Q parameterized by a 
conic on G(3, V). 

If rankQ = 3, the vertex of the quadric Q is a line [V2] C P(y). The quadric Q 
is the cone over a conic with the vertex [V2]. The conic is contained in P{V/V2) — 
G{1,V/V2), and can be identified with a conic in G{3,V) under the natural map 
Gil,V/V2)^G{3,V). 

If rankQ = 2, then the quadric Q has a vertex [V3] C F{V) and is the union 
of two 3-planes intersecting along the 2-plane [V3]. Hence i^gj C G{3,V) is given 
by the union of the corresponding P'^'s, i.e., G(3, 4)'s in G(3, V), which intersect at 
one point [V3]. 

If rankQ = 1, then Q is a double 3- plane. Thus is a (non- reduced) P'^ = 
G(3,4). □ 



[Vi] {V2] [F3] [^4] 




pi y pi pi p3 p3 2 P3 



Fig.l. Quadrics Q in F{V) and families of planes therein. 

The singular loci of Q arc written by [Vk] with A: = 5 — rkQ. Also 
the parameter spaces of the planes in each Q are shown. See also 
Fig. 3 in Subsection 16.91 



We write by (resp. Gay) the inverse image under ffy of the locus of quadrics 
of rank one (resp. two). We see that Gg. ^ S^F{V*), Gly ~ W2(P(F*)) and 
Gg^ = Gg^ \ Ggjr. Using these, we summarize our construction above for 71 = 4 in 
the following diagram: 

iT G(3,U) 

Has- 

(4.4) G^ C G^ C ?V 

\l \l /¥ 

f2(P(U)) c S2p(u) c^, 

where tt^ is a P^-fibration over '3/\Gaj by Proposition l4.2.5] In Section[Sl studying 
the birational geometry of we will find a nice desingularization '3/' oi . We 
will study the geometry of — >■ ^ along the loci Go/ and G^ in full details in 
Subsection 16.91 and Section [71 
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4.3. The Calabi-Yau variety Y. 

Assume that a Reye congruence Calabi-Yau {n — l)-fold X ^ D is given 
by a general n-plane P in ^{S'^V*)., i.e., P = V{L) with L ~ C"+i cS^V*. Define 
H := n P. Then H \s & dcterminantal hypersurface of degree n + 1 in P ~ ^{L) 
and hence the canonical bundle of H is trivial. 

Let Y be the pull-back of on According to |Ku2) . we call Y is orthogonal 
to X and vice versa. 



Proposition 4.3.1. Y is a Calabi-Yau variety. 

Proof. The canonical divisor Ky is trivial since ^ and the branch locus of 
Y ^ H has the codiniension greater than or equal to two. 

By Proposition l4.2.4l has only Gorenstein canonical singularities and h^{Oay ) = 
for i > 0. Then, by a version of the Bertini theorem, Y also has Gorenstein 
canonical singularities. It is standard to derive h^iOy ) = for < z < dimY from 
h^{0-sr) = for i > by the Kodaira-Kawamata-Viewheg vanishing theorem. □ 

In the rest of this paper, we restrict our attention to n = 4. In this case, Y is 
smooth by Proposition 14.2.41 since Y n G®^ = by dimensional reason. We will 
show at the end of Subsection 16.91 that this Calabi-Yau manifold Y coincides with 
the double covering Y defined in jHoTal] . where Y is called as the {shifted) Mukai 
dual to X. 

In the previous paper [HoTaH Prop. 3. 11 and Prop. 3. 12], we have determined 
invariants of the Calabi-Yau threefold Y . Here we reproduce these invariants using 
the construction summarized in (14.41). 



Let us first recall (|4.3p for the definition of £* and set £ := {£*)*. Then we have 
Lemma 4.3.2. ci(£) = ci(OG(3,y)(4)). 

Proof. Note that ci (OG(3,y) (1)) is given by the Schubert cycle ci, which is ci{\i) 
in our notation. Since rkll = 3, we have ci[E) — ci(S^U) = 4ci(ll). Thus we have 
the assertion. □ 

Now let us note the relative Euler sequence associated with the projective bundle 
p^.: ^ = ¥{£*) ^G[?,,V): 

(4.5) ^ Os- ^ P^£*{M^) ^ ^ /aJTco.y) ^ 0. 

From this we obtain the following: 

Lemma 4.3.3. Let N^- := /%'CG(3,y) (!)• -9Ms- - N^- holds for the 

canonical divisor K^' on 3f, and we have the following cohomologies for the sheaves 
on ^ and for < k < 10; 

(1) H'{0^{-ik + l)M^ + N^)) =0. 

(• = 0, /c = 0) 

(2) H'iO^i^kM^j) ~ H'{p^£*{~{k - 1)A%)) ~ <( C (. = 13, A: = 10) . 

(otherwise) 

(• = 0, /c = 0) 

(3) i7*(p^rG(3,y)(-M%0) - H'{T^{-kM^j) ~ <( C (. 12, = 10) . 

(otherwise) 
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Proof. The claimed formula of K^^- follows by taking the determinant of the Euler 
sequence (|4.5p . We should note that rank £ ~ 9 and N^r = ^^=00(3,1^) (!)■ 

For the calculations of the cohomologies in (1), (2), (3), we use the Serre duality, 
the Kodaira vanishing theorem and also the Bott theorem 12.0.11 as well as the 
defining exact sequence (|4.3p of £*. 

(1) By the Serre duality, we have H'{Oari~{k + l)M3r + Nar) ^ ff"-*(Ojr ((fc- 
8)M^ — 2N^)). From this, the claimed vanishings follow for the range < fc < 7 
for all • since p^: S' G(3, V) is a P^-bundlc. When k ~ 8, the vanishing 
follows from H^^-*{03^[-2N2f)) ~ i?"-'(G(3, 1/), OG(3,y) (-2)) = 0. When k = 
9, wc need to evaluate H^^-*{Os-{Ms- - 2Ns^)) ~ i/"-»(G(3, T/), £(-2)). By 
tensoring the dual of (|4.3[) by 0(3(3 y)(— 2) ^-^d using the Bott theorem, it is easy to 
obtain the claimed vanishing. When k = 10, we have H^'^~' {O {2M — 2N^)) ~ 
i/"-*(G(3,y),S2£:(-2)). For the calculation of the cohomologies of S^f (-2) = 
S^£ (g) Og(3.v)(~2), we introduce the sheaf K. which fits into the exact sequences in 
the following two ways: 

^ /C ^ S2(SV) ® 00(3,1/) ^ S^f -> 0, ^ S2(S2lt*) ^JC^ S^U* ® f -> 0. 
By using the formula S'^{S'^U*) = 5:(2'2,o)|x* © ^(4,o,o)|^* (ggg [pJl p.l89] for exam- 
ple) and the Bott theorem, the calculations are straightforward. 

(2) Since the calculations of H*{0^{—kM^)) is easy, we omit them. For 
the cohomologies H'{p^£*{~{k — 1)M^--)), when k = 0, we have to evaluate 
H'{p^£*{Ms-)) = i?'(G(3,y),£* ® £). This can be done by considering two 
short exact sequences; one from tensoring the defining exact sequence (|4.3p by £ 
and the other from tensoring the dual of (|4.3p by S^IX. The cases of other values of 
k are rather easy, so we omit their details. 

(3) For the calculations of H*{p^TQf^r^y){-kM3^)), we use TG(3,y) = U ® W. 
For example, for /c = 0, we evaluate E'lp^T^^^y)) = 7?'(G(3, y),lC W), which 
is non-vanishing only for • = with the result 5:(i'0>0'0.-i) y* ~ C®^''. For fc > 1, 
use the Serre duality and the defining exact sequence (|4.3p . 

Finally the calculations of H*{T^{—kM^)) are done with the relative Euler 
sequence (|4.5p and also using the results obtained so far. Since they are straight- 
forward, we omit them here. □ 

Let M be the pull-back of Oh(1) to Y. The following proposition refines the 
results in [HoTall Propositions 3.11 and 3.12]: 

Proposition 4.3.4. The 3-fold Y is a simply connected Calabi-Yau 3-fold such 
that FicY = Z[M], = 10, C2(r).A/ = 40 and e{Y) = -50. In particular, 
/ii'i(y) ^ 1 and h'^-^{Y) = 26. 

Proof. We have already shown that F is a smooth Calabi-Yau threefold. Since 
y -)> is a double cover, we have = 2ci(Oh(1))^ = 10. 

To calculate other invariants, we use the restriction of vr^ : ^ over F, 

which is a P^-fibration. Set Z := Tf^{Y) and ttz be the restriction of vrg? to Z. We 
also set Nz and Mz be the restrictions of and to Z, respectively. 

Let us first note that we have Kz = Mz — Nz for the canonical divisor by 
Lemma [4.3.31 since Z is a complete intersection of ten members of \M^'\. Also we 
note the following Koszul resolution of Oz as a O^-module: 

(4.6) -> a1°{0^'(-A%)®i°} ^ > Oir(-M^)®i° ^ O^' -^Oz^O. 
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We observe the following isomorphisms: 

(4.7) H'{Z,Tz) ~ H'{Z,tt^Ty) ~ H'{Y,Ty), 

where we also note that H'{Y,Ty) vanishes for • = 0,3 since y is a Calabi-Yau 
threefold. The second isomorphism follows from the fact that Z ^ Y is a. P^- 
fibration. To see the first isomorphism, let us note the exact sequence — > Tz/y ^ 
Tz — >■ Ti^TV — >■ 0, from which we have Tz/y = Oz{—Kz) since Ky ~ and 
TziY is an invertible sheaf. Then we have iJ'(Z, Tz/y) = Oz{-Mz + Nz)). 

Tensoring the resolution (|4.6p by ©(— + N^) and using (1) of Lemma [4.3.31 
we see the vanishing H'{Z,Tz/y) = 0. This entails the first isomorphism. 
Next let us consider the exact sequence 

(4.8) 0^Tz^T^-|z^Oz(Mz)®'"->0. 

Since Z ^ F is a pi-fibration, we have H'{Z,OziMz)) ^ iJ*(r, Oy (Af)), where 
the r.h.s. vanish by the Kodaira vanishing theorem except i7"(Y, Oy (Af)) ~ C^. 
Therefore, by (|4J| and (j48|) . we have 



.4 0^ F'(Tz)c^F'(rs^|z)for.>2 

^ ' ^ H^iT^^z) ^ C®50 ^ i/i(T^) ^ ifi(rirlz) ^ 0. 

We finally calculate the cohomology of the sheaf T^\z as 

(4.10) if°(T^- Iz) - C®24, H^{T^\z)^C, i/*(T^-|z) -0(*y^0,2). 

These results follows by tensoring the resolution (|4.6p by T^- and using (3) of 
Lemma l4X3l Now combining (|4?T0|) with (|49| and (|4Jl) . we obtain /i^Tz) = 
/ii(Ty) = 26 and h^iTz) = /^^(Ty) = L 

Since y is a Calabi-Yau threefold, we have e{Y) ^ 2(/i2(ry) - /i^T^y)) = -50. 
Also by the Riemann-Roch formula, and the vanishings derived above, we have 

x{Y,Oy{M)) = ^ + ^^^Ih^ = dim H"{Y,Oy{M)) = 5. 

From this, we obtain C2{Y).M ~ 40. 

It remains to show the simple-connectedness of Y . This will imply Pic F ~ Z 
since we have already shown /o(y) = h^{TY) = 1. Let be a general 4-dimensional 
complete intersection of ^ by members of IM^^I containing Y. Then is a Fano 
4-fold, and moreover, since is smooth outside Ggr by Proposition 14.2.41 and the 
codimension of in is 5, W is smooth. Therefore it is a well-known fact that 
W is simply connected and then so is Y by the Lefschetz theorem since Y is an 
ample divisor on Z. □ 



The Calabi-Yau threefold X = ^ nP(L"'") is defined by fixing a general 4-plane 
P(L) in |C^(1)| = ¥{S^V*). Corresponding to X, the orthogonal Calabi-Yau 
threefold Y is defined by the pull-back of the determinantal quintic H = Jifr\W'{L) 
to the double symmetroid We will write this pull-back by Y = D P(i) 
identifying the general 4-plane P(L) in \0,^{1)\ with the corresponding 4-plane in 

This construction of the orthogonal linear sections is extended to general (r — 1)- 
planes P(Lr) with Lr ~ C (r = 1, .., 14), for which we define the corresponding 
linear sections by jTl^ = J:' n P(L^) and = n P(L^). 
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Our (dual) Lefschetz collections p.lOp and p. lip are in accord with the so-called 
homological projective duality due to Kuznetsov jKu2| between !X and '3^ . To see 
this, let us assume (|3.10p and (|3.1ip give the (dual) Lefschetz decompositions of 
the noncommutativc resolutions 15^(^,72,) and 'D^{i^ ,TZ'), respectively. Assume 
also that is homological projective dual to then by following [Ku2| the 
noncommutativc resolutions of the linear sections 'D^{^l^,TZ), I?^(;%^, 7?.') are 
described by 



where 'D\^L,,n) = V^STl^ for r > dim(Sing( JT)) and also V''{^L,,n') = 
2-'^(%r) foi' < dim(Sing(^^)) = 7. In particular, when r = 5, this indicates the 
derived equivalence D''(X) ~ D''{Y) for the Reye congruence X and the double 
covering Y . 

We will find that there is a nice desingularization W (Subsection 16. 6p . Con- 
structing the noncommutativc resolution 'D^{'3^,TV) seems to be a difficult task 
since the divisorial contraction W ^ '3^ studied in Subsection 16.91 does not satisfy 
the conditions of |Ku31 Theorem 4.4]. However, in the derived category 'D^{'3^), 
we will find the Lefschetz collection p. lip in Theorem I8.1.1[ which supports the 
homological projective duality above. Also, in a separate publication [HoTaS] . we 
will show the derived equivalence D^{X) ~ D^{Y) by finding a certain ideal sheaf 
I in 'D{3^ X ^) which defines a Fourier-Mukai functor. It turns out that the ideal 
sheaf I has a locally free resolution in terms of the sheaves in Theorems 13.4.41 and 




and 
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5. The Hilbert scheme of conics '% on G(3, V) 

Recall that we are restricting our attention to the case of n — 4 (dim 1/ — 5). 

By Proposition I4.2.5[ the parameter space of a connected family of planes in a 
quadric of rank 3 or 4 is a smooth conic in G{3,V) (see also the proof of Proposition 
15.3.11 below) . This fact naturally leads us to consider the Hilbert scheme of conics 
on G(3,y), 

% := Hilb"°"'"G(3,y), 

which has dimension 13 (see Proposition I5.3.l"|) . In jIM[ §3.1], the scheme is 
studied in detail. In this section, we review and refine the results of [ibid.] for our 
purposes in the subsequent sections. 



5.1. Planes and conics on G{3,V). 

There are several types of conics on G(3, V^). To describe them, let us first 
classify the types of planes contained in G(3, V). It is well known that there are 
two types of such planes: 

i) planes which are written by 

Py, :={[n]eG(3,T/)|\/2cn}=p2 

for some V2, or 

ii) planes which are written by 

Pv,v, ■■= {[n] e G(3, V) I c n c F4} = 

for some Vi and V4 with Vi C V4. 

Definition 5.1.1. We call a plane Pva 0, p-plane and a plane PV1V4 ^ cr-plane. [] 

For a conic q in P(A'^V^), there exists a unique plane C P(A^1/) such that 
q C P^. If q is contained in G(3, V), namely, [q\ is an clement of the Hilbert scheme 
then there are two possibilities: P^ c G(3, V) or P^ ^ G(3, V). 
When P^ C G(3, V) we call q a p-conic if P^ = Pva for some V2, and a-conic if 
= PV1V4 for some Vi and Vi following UMl §3.1]. When P^ (t G(3,F), we have 
q = Pq n G(3, V) and we call such a conic a r-conic. 

Example 5.1.2. Taking a basis ei, • • • , 85 of choose the subspaces, for example, 
to be Vi = (34), V4 = {61,62,63,64} and V2 = (e4,e5). Then typical examples of 
T-, a-, p-conics, respectively, may be given explicitly in terms of the homogeneous 
coordinates of G(3, V); 



s t 
s t 
1 



s t 
s t 
1 



9p 



s2 st t^ 0' 
1 
1 



where [s, t] G P^ parameterizes each conic q. The r-conic above is on a unique 



plane 



{bl35,Pl45,P235,P245] 



by the conic P^^ n G(3, V) = {P135P245 



P145 = P235} C P(A^y) and characterized 
, , , ; - L^iooz-z^o P?45 = 0}' where pijk are the Pliicker 
coordinates. The cr-conic above is on the plane PV1V4 C G(3, V). It is easy to see 
PV1V4 = {[P124,P134,P234]} C P(A^V), and the equation P124P234 - P?34 = for 
qa- Similarly, we see that the p-conic above is on a plane Pva = {[Pi45i P245, P345]} 
with its equation P145P345 — P245 ^ 0- 



24 



Double quintic symmctroid 



5.2. The SL(y)-orbit decomposition of %. 

It is easy to see that SL(y)-orbits of are labelled by their types of conies p, 
<j and r, and their ranks 1, 2 and 3 ( [IMl §3.1]). Below we list these orbits. We 
denote by the locus of ^-conies in 

i) p-planes are parameterized by G(2, V) since a p-plane is given by Pva with 
a line P(V2) in P(l/). Moreover, the total space of the family of p-planes 
is naturally identified with P(S) where S is the universal quotient bundle of 
G(2, V). Therefore Fp, consisting the conies in the p-planes, is isomorphic to 
P(S^S*), hence Fp is of codimension 2 in 

Fp splits into three orbits consisting of p-conics of rank 1, 2 and 3, and 
they have codimension 5, 3 and 2, respectively. 

ii) Since pairs (Vi,V4) such that Vi C V4 are parameterized by the flag variety 
F(l, 4, V) ~ P(r2p^yj) ~ P(r2p^y,^), and conies in PviVa are parameterized by 
P^, the locus Fct of (T-conics arc P'^-bundlc over F(l,4, V), which is a divisor 
in %. 

Fg. splits into three orbits consisting of conies of rank 1, 2 and 3, and they 
have codimension 4, 2 and 1, respectively. 

iii) Ft- splits into three orbits consisting of conies of rank 1, 2 and 3, respectively. 

r-eonics of rank 3 form the open orbit of 

Let q he a r-conic of rank 2. Then g is a pair of intersecting lines, say, li 

and h- We may write /, = {[U] \ V^''^ C H C vj''^}, where PiV^'^) C P{V) 

are lines and Viv}'^) C P(F) are 3-planes for i = 1,2. Since h Ci h ^ 0, it 

holds dim(V2^^^ n V^'^'') > 1. Since q is not a p-conic, V^^'' ^ V^'^'' . Therefore 

we see that dim{V^^^ n V^^^'') = 1 and /i n ^2 = [^^2^^ + ^2^^ ^ ^i^^ = 
then q is contained in P,,(i) ,,(2) ,,(i) and then g is a cr-conic, a contradiction. 

Therefore V^^^ ^ vf^. In summary, we have the following conditions: 

By this description and simple dimension counts, we see that the orbit of r- 
conics of rank 2 has codimension 1 in Wq. Compare this description of conies 
of rank 2 with the constructions in Subsection 17.21 

As for the orbit of r-conics of rank 1, we will see that it has codimension 
3 in % in CoroUarylTTl 

Example 5.2.1. We present examples of r-,(T-, and p-conics of rank 2, respectively. 

(1) From the above description, an example of r-conic of rank 2 may be given by 
Qt ~ hU I2 with 

^1 = {[ei,e2,se3 + te4 | [s,t\ e P^}, h = {[82, eg, wei + weg | [u,v\ e P^}. 

It is easy to see that this conic is on a unique plane P^^ = {[pi23,Pi24,P235]} C 
f{h^V). Then the equation of qr can be read as P^^ H G(3, V) = {pvuPi'ib ~ 0}. 

(2) Take Vi,V2,Vi as in ExampleETl Then PviV4 = {[Pi24, Pi34, P234]} C G(3, V) 
and Pv2 = {bi45,P245,P345]} C G(3, V). As an example of cr-conic of rank 2 on the 
cr-plane PviV4 5 we may have q^ ~ l^\J with 



?3 = {[sBi +te2,e3,e4 | [s,t\ e P^}, U {[ei,tie2 + ue3,e4 | [u,v] e P^}. 
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The equation of this conic is P124P234 = 0. Similarly, as a p-conic of rank 2 on the 
p-planc Pva , we may have ~ hU Iq with 

^5 = {[sei +ie2,e4,e5] | [s,t] e P^}, k = {[ties + weg, 64, eg] | [u,v] G P^}. 

The equation of this conic is P145P345 = 0. 

5.3. The birational map 

We denote by U* the universal subbundle on G{3,V), and regard P{Vi*) as the 
universal family of the projective planes in P(V^). There is a natural projection 
: P(U*) ^ F{V). 

Suppose a smooth conic q C G(3, V) is given. Note that U on G(3, V) restricts 
as Ulg ~ 0(1)®!^ © Opi , or Opi (2) © Op^ since IX is generated by its global sections 
and degUlq = ci{A^Vi\q) ~ 2. Let S be the image of PCU*!^) under ipy^. Then there 
are two possibilities; 1) the degree of P(U*|g) — > S" is two and is a 3-plane, i.e., a 
quadric of rank 1, or 2) the degree of P(ll*|g) — > 5 is one and S* is a quadric of rank 
4 or 3 according to the type of U|g, i.e., 0(1)®!^ ©Opi, or Opi (2)©0®i^, respectively 
(see Example EXl]). If ^ is a 3-plane P(V4), then q C {[H] e G{3,V) | H C 14} 
and P^ must be a cr-plane according to the classification of the planes in G(3, V). 
Hence g is a cr-conic. 

Proposition 5.3.1. (fy^ induces a birational map 'Wq . Under this birational 

map, smooth T-,p-conics are mapped to one of the connected components of ^[q] 
for a quadric Q of rank 4 or 3, respectively (cf. Provosition 14.2.5)) . 

Proof. Recall that codimFT- = 0, codimFp = 2 and codimFo. = 1 for smooth 
conies. Then, for the assertions, we have only to show that for a smooth r-conic 
(resp. /5-conic) q C G(3,y), all the planes P(n) belonging to q sweep a quadric 
of rank 4 (resp. rank 3) in P^. These are exactly the properties we have seen 
above. □ 

Indeed, we will show that the birational map ^% above is a morphism 

(see Subsection [631) ■ Hence % is a natural desingularization of '% is, however, 
slightly too large for our purpose and hence we will construct a smaller desingular- 
ization W of ^ by studying birational geometries of ^ in detail (see Subsection 
EH). 

5.4. Explicit descriptions of 

In this subsection, we show that is birational to a Grassmann bundle over 
P(T^) and describe from the geometry of 

We first note that we can identify G{2,V/Vi) with the subset {[H] € G(3,y) | 
Vi C n}, and accordingly, we can identify a conic q C G{2,V /Vi) with a conic 
q C G(3, V) satisfying C H for all [H] € q. Following [iMl §3.1], we set 

^Ti = { (g, [^i]) I q c G(2, V/V,), [V,] e P(y)} 

= { (g, [Vi]) I q C G(3, V) s.t. 1/1 C n for all [H] e g; [Vi] e Y{V)}. 
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Proposition 5.4.1. For a conic q C G(3, V^) which is not a r-double line, all the 
planes [11] on q intersect at a non-empty set. In other words, there exists at least 
one point [Vi] G f{V) for which q C G(3, V) descends to q C G(2, V/Vi). 

Proof. If q is a cr-conic or a p-conic, then the assertion is clear by definition. Assume 
that g is a smooth r-conic. Then, by Proposition 15 .3 . Il the image iy9|^(P('U*|g)) is a 
quadric Q of rank 4, and the vertex w of Q has the desired property. Assume that 
g is a pair of distinct intersecting lines li and I2 in 0(3,1^). As in the description 
of in Subsection [521 we may write k = {[H] | V^'^ cncvj'^} (i = 1, 2) with 
dim(y2^^^ n V^^^) = 1, hence all [U] e q contain P{V^^'^ V^^^) ^0. □ 



By this proposition, the natural projection morphism — > S% is dominant, 
hence is surjective since it is proper. In particular, as a consequence, even for q 
being a r-double line, there exists a [Vi] £ ¥{V) such that q C G(2, V/Vi). We will 
use this fact in Proposition 17. 1 . 2l 

Recall that G(2,y/Vi) is embedded in F{A^V/Vi) by the Pliicker embedding. 
Following [iMl §3.1], we set 

^3 = {(P2, [Vi]) I P2 = is a plane in F{A^{Y /Vi))}. 

There exists a natural mor phism ^1 -> % sending {q, [Vi]) to (P^, [Vi]). Since for a 
plane P2 C P(a2(V/Vi)), the intersection G(2, V/Vi) n P2 is a conic in G(2, V/Vi) 
in general (it is P2 itself in special cases), the morphism J% — >• is birational. 

In summary, we have constructed the following diagram: 

J^l. 3 i[Vl],q) {q C G{2,V/Vi)) 




(5.1) KiVi]) e ^3 % ^ q 

[Vi] e F{V). 
More details of this diagram are in order: 

i) For every conic [q] G ^% except for p-conics, there exists a unique point 
[Vi] e P(V) such that q C G(3,y) descends to q C G{2,V/Vi). Therefore 
the morphism — >■ is isomorphic outside F^. Actually — >■ ^ is the 
blow-up along Fp by jIM[ Remark in the end of §3.1] (this corresponds to the 
blow-up p^^ described in Subsection 16. 6p . 

ii) Consider G{2,V/Vi) in F{a'^{V/Vi)) and define the following locus in ^3: 

^ := {(P2, [Vi]) I P2 P2 is a plane in G(2, V/Vi)}, 

which is the disjoint union of two orthogonal Grassmann bundles. If P2 is 
not a plane in G(2, V/Vi), then the intersection P2 n G(2, V/Vi) determines a 
conic in G{2,V/Vi). Therefore the morphism — >■ ^ is isomorphic outside 
^. Actually ^ -> ^ is the blow-up along ^ by [iMl Remark in the end of 
§3.1]. ^ is the disjoint union of the image of the exceptional divisor over Fp 
of — > and the image of the strict transform of F^ (see Fig. 2), which we 
denote by 

^ = ^pU 
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This decomposition will be studied further in Subsection 16.31 
iii) The fiber of J% F{V) over a point [Vi] e P(V^) is the set of aU planes in 
P{A^{V/Vi)), which is nothing but G{3, A'^{V/Vi)) ~ G(3,6). Since the Euler 



^ Op(v)(-l) -> F ® C'p(y) r(-l) ^ 
restricts at the point [Vi] to — )■ — — V/Vi — >■ 0, we can identify the 
fibration^3 P(l/) with the G(3, 6)-bundle over P(F), ^3 = G(3, T(-l)^2)^ 

Putting the diagrams (j4.ip . (|4.4p . (|5.ip and Proposition l5.3.1] together. we obtain 
the following diagram with some additional data: 



where tt^q : — > is the universal family of conies, .^1 — > is the base change 
of vr^o, and p^^ : 3fo — >■ G{3,V) is the natural projection. 

Note that Jx) — >■ is birationally equivalent to ^ ^ (cf . Propositions 14.2.51 
and lSXTj) . 



sequence 



(5.2) 
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6. BiRATIONAL GEOMETRY OF '3/ 



MOLE S NEST 



In this section, we extend the birational geometry of summarized in (|5.2|) 
to the big diagram (|6.ip below. By playing the two ray game starting from the 
Grassmann bundle ^ = G(3,r(-1)^2) ^ p(^)^ we^construct a Sarkisov link 

and, as its final step, obtain a divisorial contraction '3^ — >■ which gives a nice 
resolution of The main steps of the two ray game are described in details in 
Subsections 16.51 1 6-61 and also Subsection 16.91 In Fig. 2, we schematically draw the 
entire picture of the birational geometries related to the resolution — >■ 

We also prepare several auxiliary results, which will be required in the subsequent 
sections. In particular, three locally free sheaves 5l, Q, T on W are introduced in 



Definitions 16.7.11 and 16 . 7 . 3l Using these sheaves we will obtain a Lefschetz collection 
in V^{W) (Section [S]). 



In the above diagram, all the varieties have natural SL(y)-actions and all the 
morphisms are SL(y)-equivariant. For convenience, we list the notation used in 
the diagram (see also Fig. 2): 

^3 = G(3,T(-1)^2). G(3, 6)-bundle over P(y). 

— >■ the blow-up of along with the exceptional divisor Fp. 
'¥■2, ^ '¥ : the contraction of the exceptional divisor Fp to Gp ~ Fp. 

the blow-up of ^ along ~ IP(f^(l))- 
'W ^ & divisorial contraction (see Subsection 16. 9p . 

We use the same symbol for the transform of on '3^2 and further on '3/ . 

In what follows, we will use the following convention without mentioning at each 
time: 

L^: the pull back on a variety E of 0(1) if there is a morphism S ¥{V). 
Ms: the pull back on a variety S of 0^(1) if there is a morphism E — > J^. 



(6.1) 
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^2 



Fig. 2. Birational geometries of . in ^ represents 

the prime divisor parameterizing reducible conies on G(3, V) (see 
Proposition l6.9.1) ). We may identify T p and Gp (see Subsection l6.8p . 



6.1. The Grassmann bundle G(2,T(-1)). 

Note tliat G(2,r(-1)) = {([Fa], [Vi]) \ V2 C V/Vi}. Therefore we have a nat- 
ural morphism f^: G(2,T(-1)) ^ G{3,V) by sending ([F2], [V^i]) € G(2,r(-1)) 
to [V3] € G(3, F), where Vij is the inverse image of V2 by the natural projection 
V V/Vi. Thus we obtain the following part of the big diagram: 



(6.2) 



='(T(-1)^2) 3 G(2,r(-1)) 



Gi3,V) 



¥{V). 



Note that G(2, T(— 1)) is a divisor in P(T(— 1)^^) since its restrictions to fibers are 
quadric hypersurfaces. We may describe the linear equivalence class of G(2, r(— 1)): 

Proposition 6.1.1. G(2,r(-1)) G \2Hp(^T{-i)^^) + -Zjp(t(-i)a2)|. 

Proof. Fixapoint [^^i] S ¥{V). The defining equation of G(2, F/X^i) in P(A2(y/Fi)) 
is the Pliicker quadric, which defines a symmetric bi- linear form a'^{V/Vi)xA^ {V/Vi ) 
^ A'^(y/Vi). Since this globalizes to A'^T{-1) x A^T{-1) A'^Ti-l) ~ 0(1), the 
defining equation of G(2, T(-l)) in P(T(-1)^2) jg ^^^^ glgj^^j^l- of ^0(-p(p.) s2(^(j)A2)^ 

0(1))). This proves the assertion. □ 
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6.2. The Grassmann bundle ^3 = G(3, r(-l)^2)_ 

Recall the definition of the G(3, 6)-bundle ^ ¥{V) introduced in (fSTTI) . which 
we have identified with G{3,T{-1)^^) ¥{V). 

We consider the following universal exact sequence of the Grassmann bundle 
G(3,r(-1)^2) overP(F) (cf. [Ml p.434]): 

(6.3) 0^5*^7r4(T(-l)^2)^g^0^ 

where S is the dual of the relative universal subbundle of rank three and Q is the 
relative universal quotient bundle of rank three. Taking the determinant and using 
a6(t(_i)a^) = (a4t(-1))®3 = 0(3), we have 

(6.4) det Q = det5 + 3i^, = det{5(Li%)}. 
Also, since Tay^/p(^y^ = S ^ Q (see [Full p.435]), we have 

(6.5) iC^j = -det(Q®5) + 5i% = -3(det Q + det5) - 5L.^, = -6detQ + 4ii%, 
where we note rank S = rank Q = 3 and we use (|6.4p in the last equality. 

6.3. Subvarieties and of 

In this subsection, we define two subvarieties and of which play 
central roles in the following arguments. 

Fix a point [Vi] G V{V). Recall that G(2, V/Vi) contains two disjoint families of 
planes. One of them consists of planes of the form Pvs/Vi = {[C^] | V2/V1 C C^} 
for a one-dimensional subspace V2/V1 of V/Vi. These planes define a subvariety 
Pp in G{3,A^V/Vi) under the Pliicker embedding. By construction, Pp ~ P{V/Vi). 
Another family consists of planes of the form PV4/V1 = {[^2] | V4/V1 D V2} for a 
three-dimensional subspace V4/V1 of V/Vi. These planes define a subvariety Pa in 
G{3,A^V/Vi). We see that P^ ~ P{{V/Vi)*). 

Two subvarieties Pp and P^ are connected components of the orthogonal Grass- 
mann OG(3,6) C G{3, A'^V/Vi) with respect to the Pliicker quadric. It is known 
that Pp and Pa are projectively equivalent to the second Veronese variety V2{P'^) 
as the subvarieties of P(A'^ (W^i))- This may be seen exphcitly by using the 
coordinates given in Appendix A (see Proposition 16.4. l]) . 

Now we define 3^p and 3^a to be the subvarieties of G(3,T(— 1)^^) whose fiber 
over [Vi] e P{V) coincides with Pp and Pa respectively. By the descriptions of Pp 
and Pa, it holds that 

^p~P(T(-l)) and ^a^mliv)i'^))- 

To emphasize Pp and Pa arc projectively equivalent to the second Veronese variety 
172 (P'^), we write 

= W2(P(r(-l))) and = «2(P(1^(1))). 

Note that we have the following irreducible decomposition of A'^(A^(X^/Vi)) as 
s^(l//Fi)-modules (see [FHi §19.1] for example): 

(6.6) A^ (A^V/Vi)) ^ S^V/Vi) ® S^V/Vi)*. 

We will call this "double spin" decomposition since the components in the r.h.s. are 
identified with V2A, and V2\g as the so{a'^V/Vi){2± si {V/Vi))-modules, where As and 
As represent the spinor and conjugate spinor weights, respectively (see [loc.cit.]). 
The following is the relative version of the decomposition (|6.6p : 
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Proposition 6.3.1. 

(6.7) (T(-l)^2) ^ (s\Ti-l)) ® ® (s^{T{-l))* ® 0{2)^ . 

Proof. By (|6.6p . we have 

A3(r(-1)^2) ^ S2(T(-1)) ® e)(a) © S2(T(-1))* ® 

with some integers a and 6. To determine a and &, we restricts tliis equality to a 
line I C P(y). Noting T(-l)|/ ~ Of^ ® we have 

= {Oii2) ® Oiilf"" ® O®"^) ® Oi{a) (B {Oii-2) ® ® O®'') ® Oi{b). 

Thus we have a = 1 and 6 = 2. □ 
By the decomposition ()6.7p . one may write the Pliicker embedding of = 

G(3,r(-1)^2) P(a3(T(-1)^2)) by 

^3 C P(S2(T(-1))® 0(1) eS2(l](l)) 0(2)). 

In this form, it is clear that the (relative) second Veronese varieties = U2(P(r(— 1))) 
and = ^'2(IP(i^(l))) are contained, respectively, in the first and the second factor 
of the projective space. 



We investigate the restrictions of Q and S to £Pp and £Pcr- 

The relation ()6.4p for the determinants may be made more precise on and 
as follows: 

Proposition 6.3.2. Q\,^^ ~5(i<%)|,^p and Q\^^ ~ 5(La^, ) | ^^.^ . 

Proof. Proofs of the both relations arc similar, so we only prove the former. Take a 
point [Pva/vJ of C G(3,T(-1)^2)_ ^e the fiber of 5* and Q at 

[Pva/Vili respectively. We compare the restrictions of the universal exact sequence 
()6.3p and its dual; 

A^V/Vi ^ VK2 ^ 0, 
^ {W2)* (A^V/Vi)* (Wi)* 0. 
Note that P(Wi) — Pva/Vi- Choose a basis {ei, §2, §3, §4} oiV/Vi so that V2/V1 = 
(ei). Then Wi = (§1 Ae2, §1 Ae3, §1 Ae4). By the non-degenerate pairing A'^V/Vi x 
A'^V/Vi A^V/Vi ~ C, we may identify A^V/Vi and (A^V/Vi)*. Under this 
identification, we see from the explicit basis of Wi that {W2)* coincides with Wi 
since an element of {W2)* is nothing but an element of (A^l^/Vi)* vanishing on Wi. 
Since A^V/Vi is a fiber of at [Pva/vjj conclude that S*\,^^ ~ Q*\.^p^L,^^. 

□ 

Set TTga := . Consider now the relative Euler sequence for the projective 

bundle TT^^ : ^p ~ P(T(-1)) ^ F(V): 

(6.8) ^ Op(T(-i))(-l) ^ T^.^T{-1) -^TZp^O, 
where we set 

(6.9) Tip := r^p/p(y)(-l) = T^p/p(y) (E) Op(t(-i))(~1). 
Note that, by (|6.8p . we have 

7r^p*72.p = r(-l) and dct7?.p = -ffp(T(-i)) + -^^J^p- 
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Proposition 6.3.3. 

(1) dctQ\.^^ = 2{Hr(T(-l)) + Ly^^). 

(2) Q\^^ = TZp*{Hp(^T(^ry) + i.^) = A^T^p. 

(3) TV* = S'^Q*(Lay^)\^^ and JV* = S* (L<% ) | , where Afp and No- are the 
normal bundles of ^p and in respectively. 

Proof. (1) Since the Pliicker embedding G(3, r(-l)^2) ^ P(a3t(-1)^2) jg defined 
by the (relatively very ample) invertible sheaf det5, we have det5 = iJp(A3T(-i)'^2-). 
By the decomposition (|6.7p . the restriction of -ffp(A3(T(-i)^2)) to B^p is equal to 
2HHr^T{-i)) ~ L-'^p- Therefore we have the relation (1) by 

(2) Recall that, by the construction of 3^p, a point of 3^p represents a plane 
P ~ P2 in the fiber of G(2, r(-l)) ^ ¥{V) of the form: 

P := Pv,/vi = {[V2] I V2/V1 C V2} C G(2, V/Vi). 

Moreover, the fiber of S* at the point [P] e i^p is the 3-dimensional subspace 
{V/V2) A {V2/V1) of h^V/Vi (cf. Proof of Proposition 11X21) . On the other hand, 
the relative Euler sequence (|6.8p restricts at [P] to 

^ V2/V1 V/Vi V/V2 -> 0. 

Therefore S*\g/>^ ~ TZp (g) Op(^T{-i)){—^) and then wc have the relations (2) by 
Proposition lG. 3.21 and det7?,p = -f/p(T(-i)) + ^5^p- 

(3) As in the proof of Proposition 16.1.11 the defining equation of G(2,r(— 1)) 
in P(T(-1)^2) is giy(,j^ by a section of S'^{T{-1)^'^)* (g) 0(1). Pulling this back to 
G(3,r(-l)^2j by the morphism G(3,T(-1)^2) ^ p(y) ^nd using the surjection 
7i^^(T(-l)^^)* S, we obtain a section of (S'^S) (E) L^^. Let Pj^ ~ be the plane 
in P(T(-1)^2) corresponding to y S ^3. Then the subscheme U of ^3 is 
exactly the locus where Py C G(2, T(— 1)) holds. Hence this is given by the scheme 
of zeros of the section of (S^5) (X) L^^, and we have 

Af; = S''S*{~L^,)\^^ and AC = 5^5* (-^^^3)! 5^^. 

Then we have the property (3) by Proposition 16.3.21 □ 



6.4. The rational map ^ --->■ and the blow-up ^2 ^3- 

Here we construct the following part of the big diagram: 



(6.10) 



p(y) 

Noting (|6.7p . we consider the relative linear projection 

p(A3(r(-i)^2)) ^ ^ p(s2f](i)) 

from P(S'2(T(-1))). Then we define ^3 = G(3,T(-1)^2) ^ (QU)) as 

its restriction to We describe it fiberwise. Take a point [Vi] € P(F). By 
the decomposition (|6.6p . P(S^(y/Vi)) can be identified with the linear subspace of 
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P(A3(A2(y/Vi))) spanned by Pp = V2{F{V/Vi)). Therefore P{A^{A^iy/Vi))) 
P(S^(F/Vi)*) is the hnear projection from the hnear huh of Pp. 

Proposition 6.4.1. For a point [Vi] G P(F), the intersection F{S'^{V/Vi)) n % 
{resp. ¥{S'^{V/Vi)*)n%) is scheme theoretically equal to ^^l^-i^j^^^^ ~ V2iP(V/Vi)) 

{resp. ^.Ivr-([v,]) ^ v^im/V,)*)). 

Proof. We prove the assertion only for ,^3^^ since proof is similar in the other case. 
According to the decomposition A^{a'^V/Vi) = S'^{V/Vi)®S'^{V/Vi)* , we introduce 
homogeneous coordinates of the projective space P{A^{a'^V/Vi)) by [uy , w'^'] as in 
Appendix A. Then the Pliicker ideal of G{3, A'^V/Vi) is generated by (A.2) in 
loc.cit. Since the intersection P(S^(F/Vi)) n is given by Wki = 0, we see that 
P(S^(F/Vi)) n ^ is given by 2 x 2 minors of the matrix v = (vij)- □ 

Let : ^2 ^ ^ be the blow-up of ^ along ^p. We denote by the 
transform on ^ of 3^a- Then the rational map becomes a morphism q^^^ : — ^ 
by a general property of linear projection and Proposition 16.4.11 Denote by Fp 
the -exceptional divisor (see Fig.2). Also recall ^ C P{V) x P(S^1/*) with the 
projections 

(6.11) F{V)^^'^ -^Jif. 

Note that, by the remark ii) after (|5.ip . we may identify ^ and ^ near the 
points corresponding to smooth r-conics on G{3, V). 

Lemma 6.4.2. Let y be the point of corresponding to a smooth T-conic 5 on 
G(3,y). Then the point prj o Qay^iy) G .J^ corresponds to the quadric spanned 
by planes parameterized by S. In particular, the induced rational map ---> 
birationally coincides with the rational map W constructed in Proposition 

mi 

Proof. By the natural 5'L(l^)-action, we may assume that the smooth r-eonic 6 has 
the form given in Example 15.1.21 Then the corresponding point j/3 G is given 
by 2/3 = ([e5],IP(^3)) with V3, = (§1 A §3,61 A §4 -|- §2 A 63,62 A §4 ), wh ere e^'s are 
the natural bases of V/Vi and Vi = (65). Now using the relation (jA.l[) . we obtain 
the coordinate [vij,Wki] representing the point P(y3) G G(3, A^(y/(e5))) as 






















1 


"■) 







-1 






1 




(5 


-1 












/ 










0/ J 



We may consider this as a point of Then we have qay^{y) = ([65], [wki]) and 
W2 ° 9s<j(y) = [A] & with 5x5 matrix A ~ °). For the quadric Qa, it is 
easy to verify the claimed property. □ 



Proposition 6.4.3. The morphism q: ^ ^ gives the Stein factorization of the 
composite — > ^ — > J^if. In particular we have the desired morphism pay_^ : '3^2 ~^ 
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Proof. By the proof of Lemma l6.4.2l we have the fohowing commutative diagram: 

P., 




where p^^ birationahy coincides with the rational map --^ W constructed in 
Proposition 15.3.11 Let — > — )■ be the Stein factorization. Then both 
^' and ^ are the normahzation of Jif in the function field iir(^) ~ K{^). 
Therefore, by the uniqueness of the normalization, we have ^V' ~ i^, and hence 
is a morphism. 

□ 



Wc now describe Qay^ by local computations as in Appendix A. 

We say that a point u €z is of rank i if pr2(u) corresponds to a quadric in ¥{V) 
of rank i. In other words, u corresponds to a quadric of rank i in the fiber P(y/Vi) 
of ^- ¥{V) over [Vi], where [Vi] := 7%(m). We denote by '^^ the subset of ^ 
consisting of u of rank i. Clearly, is SL(y)-invariant. Note that the closure of 
'^3 is the exceptional divisor oi J^. 

Proposition 6.4.4. Let u be a point of ^ . 

(1) If u is of rank 4, then q^iu) consists of two points. 

(2) Ifu is of ranks, then q^{u) consists of one point. The closure of *'S9%(^p)- 

(3) If u is of rank 2, then q^{u) is isomorphic to x P^. In particular, ('^2) 
is of codimension 1 in '3^2 o^nd Sh{V) -invariant. 

(4) If u is of rank 1, then q^^{u) is isomorphic to the weighted projective space 
P(l3,2) {the cone over f2(P^)). We have q^^i^a) = 'hi- 
proof, u £ can be regarded as a quadric in P(F/V^i) of rank i, where [Vi] := 
7%(tt) G P(y). All the claims (1)^(4) follow from the relations (I.l)-(1.5) in Ap- 
pendix A. We write u e ^ as ([Vi], [w]) with [w] G P{S'^{V/Vi)). First we show 
(2). 

(2) If rank til = 3, then the inverse image in is empty by (1.3). Note that the 
closure of is a prime divisor, which is the exceptional locus of pr2. Since the 
blow-up — 7- resolve the indeterminacy of --^ and its exceptional locus 
is the prime divisor Fp, q^^{Fp) is equal to the closure of '^3. Since pr2('^3) is 
the branch locus oi '3^ ^ 3^ , Fp is contained in the branch locus of — ?> ^ by 
Proposition 16.4.31 In other words, q^iu) consists of one point. 

(1) Assume that rankui = 4. Then, by the proof of (2), no points of Fp are mapped 
to w. Therefore we may consider that q^{u) is contained in 'W3 \ S^p. Then, by 
(1.2) in Appendix A, cf^^ivS) consists of [u, w\, where v = ztw^^Vdet w. This shows 
the claim. 

(3) Assume that rankw = 2. First we determine q^iu) \ Fp, which we consider 
contained in \ Then, by (1.2) and (1.4), q^{u) \ Fp consists of [v,w\ such 
that rankw = 2 and v.w = 0. Without loss of generality, we may assume that u is 
represented by = I q W33 W34 j , where O2 represents the 2x2 zero matrix. As 
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/ fll '"12 Q \ 

the solutions of v.w = 0, we have u = ( '"i2_v22 ^ \ . Then, for a fixed \w\ repre- 
senting M, we have only one non-trivial equation for [w, tw\ from the first equations 
of (TO). 

(6.12) {VXYV21 - vl^) - f{w3.3Wii - wl^) = {t^ 0), 

where un, f 12, V22, t are homogeneous variables. The closure in of the subvaricty 
defined by (|6.12p is isomorphic to x P-'^ and lifts isomorphically on since it 
intersects with along a divisor and — >■ is the blow-up along ,^p. Therefore 
g^^(u) ~ Pi X Pi as claimed. 

Since it is easy to see dim'^2 = 4 + (9 — 3) = 10, we have dim7r^^(^2) = 12. 
The S'L(]^)-invariance follows from that of ^2. 

(4) Assume that rankw = 1. We may proceed similarly to the proof of (3); first we 
determine qi^^ (u) \ Fp and then take its closure. We may assume w = {akO-i) with 
some a e V/Vi \ {0}. Then, by (1.5), %^(m) \Fp = {[xiXjMkai] \ a.x = Q,t^ 0} 
as the zero set of (|A.2p . From this, we see that q^{u) is the cone over 112 (P^) with 
the vertex [0,afea;]. 

By PropositioniXIl we have g^,(^a) = {([■^"i], [a^a,]) \ [a] e Vi{V/Vi)*), [Vi] € 
V{V)}. □ 



We now investigate several relations of basic divisors on . 
Note that 

(6.13) K3^, = p^^K?y, + 5Fp 

since p^^^ is the blow-up along a smooth subvaricty of codimension 6. By (|6.5p . we 
have 

(6.14) = -6fh}^ det Q + 4L.% + 5Fp. 
Wc have the following corollary to Proposition 16.3.11 

Proposition 6.4.5. 

= /4 (det Q) - L<% - Fp. 

Proof. Note that 7rgy3^C'p(;,3T(_i)A2)(l) = and7%,Op(s2n(i))(l) = S^T{-1). 

Therefore, by the decomposition (|6.7p and the construction of --■>■ as a rela- 
tive linear projection, we have 

p^^ (det S)-Fp^ g4 {M^^ - 2L^) = M^, ~ 2L^, . 

Then we have the assertion by (|6.4p . □ 

Corollary 6.4.6. is a weak Fano manifold, namely, —Kijy^ is nef and big. 

Proof. Note that det Q is nef since Q is the image of the surjcction from vi^ r(— 1)^^. 
By (|6.14p and Proposition 16.4.51 we have —K-sr^ = ^M<iy^ + + ft^^ det Q, which 
is clearly nef, and is also big since so is • ^ 
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6.5. The Xg^, -positive small contraction /j^ : — > 

In this subsection, we construct a if^, -positive smaU contraction : — > 
contracting 3^p to G(2,F). In Subsection 16.61 we wiU construct the (aiiti-)fiip of 
, which is the second step of our two ray game. 

The foUowing descriptions of ~ P(r(— 1)) are standard, however we present 
them for readers' convenience. 

Lemma 6.5.1. The variety S^p has aP^-bundle structure over G{2,V), by which 
£^ p can be identified with the total space of the universal family of lines in ¥{V). 
The divisor Hp(^x{-i))~^L^0i^ is the pull-back o/Oq(2,v)(1) by the natural projection 
S^p — >■ G(2, V) . In particular, for a fiber 7 of p — > G(2, V), it holds that Lg^J^ = 
0^(1) and Hp(^T(-i))U = '^li-'^)- 

Proof. It is easy to sec that ^p ~ P(r( — I)) is isomorphic to the flag variety 
F(l,2,F). The projection p : F(l,2,l/) G{2,V) is nothing but the universal 
family of lines in F{V), i.e., P(3*) = F(1,2,F) ~ ^p. Note that the projection 
q : F(l, 2, V) — > ¥{V) coincides with the restriction vr^, j^^. 

Consider the dual of the relative Euler sequence associated with p : P(9^*) — >■ 
G(2,y): 

(6.15) ^ n^^r)/Gi2y) ® (^nT)i^) p*^-^(^nT)i^) ^ 0- 

Since rank3^= 2 and det J= C'g(2,v)(1)7 we see that ^^p(y)/Q(2 y) ® ^P{3^)^^^ — 
C'p^gr»^(— 1) <K) P*CG(2.y)(l)- Now we show the pushforward of (|6.15p is equal to 
the dual of the Euler sequence of ¥{V). First note that Op^rp^il) ^ q*0{l). To 
show q^:p*3^ ~ y* (g) Cp(y), we consider the pull-back to F(l, 2, V) of the dual of the 
universal exact sequence on G{2, V): 

O^P*S* ^V* (E) Of(i,2.v) ^ P*3' 0. 

Let r ~ P3 be the fiber of q over a point [Vi] e P{V). Then p*9*\r ^ ^^p3(l) 
since F can be identified with P(y/Vi) C G(2, V). Therefore, by the Leray spectral 
sequence, we have (;*p*S* — R^q*P*9* — 0, which implies that V* i^Opy) — Q*P*3^- 
Thus the pushforward of (|6.15l) by q is the dual of the Euler sequence oi¥{V), hence 
we have q*p*OG{2,v){^) ^ ~ i^(l). This implies the claim p*C'G(2.y)(l) = 

i?p(T(-i)) + -^p(T(-i)) = -ffp(T(-i)) + L^^. The assertions left follow from this. □ 

To show there exists a i^Tg^j -positive small contraction inducing the P^-bundle 
^p — s- G{2,V), we need the following result: 

Lemma 6.5.2. Let -y be a fiber of ^p ^ G{2,V) . It holds that 'R*p\^ O®^ . 

Moreover, TZp is the pull-hack of the universal quotient bundle 9 on G{2,V). 

Proof. By Lemma 16.5.11 (i?p(T(-i)) + L,^^)\^ = 0. Therefore, by Proposition 16.3.31 
(2), we have Q\j ~ 'R-*p\f The restriction of the relative Euler sequence (|6.8p to 7 
is of the form: 

^ 0^(1) ^ 0®^ e 0^(1) ^ 7^p|^ 0. 

Therefore we have 7?.p|^ ~ O®^. 

Thus TZp is the pull-back of some locally free sheaf of rank 3 on G(2,y). To 
determine this, we regard ^p as the flag variety F(l, 2, V) as in the proof of Lemma 
16.5.11 and examine the fiber of TZp at a point {[Vi], [V2]) £ F(l, 2, V). At this point. 
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note that the relative Euler sequence (|6.8p restricts to — > V2/V1 — > ViVi — > 
y iVi — i> 0. Therefore the fiber of TZp is F/V2, which is nothing but the fiber of 9 
at G G(2,l/). □ 



Proposition 6.5.3. There exists a Kay^-positive small contraction : — >■ 
contracting to G{2, V). 

Proof. By (|6.3p . we see that det Q is globally generated. Let : ^% be the 

Stein factorization of the morphism defined by the base point free linear system 
|detQ|. By Lemma 16.5.21 det Q is trivial for any fiber of — >■ G{2,V) and 
detQI^p 9^ 0, thus induces the fibration — G{2,V). Since the Picard 
number jo(^%) = 2, the relative Picard number ~ 1. For a fiber 7 of 

^p G{2, V), we have Koj/^ . 7 = 4 by (H^]) and Lemmas [IXI] and iXH Thus p^^ 
is /iTg^g -positive. Finally we show that the -exceptional locus coincides with ^p. 
Indeed, let r be a -exceptional curve and r' a curve on whose image on is 
r. Note that L^^ ■ r > since Lay^ • 7 > 0. If r ^ ^p, then we have Mg<j • r' < 
by Proposition 16 . 4 . 5l a contradiction to that May^ is nef. Therefore r C and r 
must be a fiber of ^p -^> G(2, V). Thus is a small contraction since iS^p is not 
a divisor on □ 



6.6. Constructing a resolution of and the flip '3^. 

In this subsection, we construct a unique birational morphism ji^^ : 'Wi — >■ 
which factors the morphism — >■ and contracts the exceptional divisor Fp of 
the blow-up (hy^ : "3^3 in another direction. Moreover, we show that is 

smooth, and : — > is the blow-up of along the image Gp of Fp. Actually 
is the (anti-)flip of the contraction : — > and there exists a 
-fCg^-negative small contraction contracting the image of Fp to G{2,V). 

The (anti-)flip ^ is the second step of our two ray game. 

First we show that Fp has another projective bundle structure. By Proposition 
[mi(3), Fp c^¥{Mp) c^PiS^Qls^J c^P{S'n;). Let 

Gp :=P(S2g*). 

Then, by Lemma 16.5.21 we obtain the following diagram: 

Fp 9- Gp 

(6.16) 

^p ^G{2,V). 

Proposition 6.6.1. There is a unique birational morphism ffy^ : — > which 
factors '3^1 W and contracts Fp to Gp. Moreover, '3^ is smooth and fy^ is the 
blow-up of "3^ along Gp. 

Proof By (|6T4l) and Proposition l6X5l we have -Ka^^+Fp = 2/j|;^(det Q)+AMai^^, 
which is nef. Since is a weak Fano manifold by Corollarv l6.4.61 the linear system 
|m(— AV2 + Fp)\ (jn ^ 0) has no base point by the Kawamata-Shokurov base point 
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free theorem. We show that the associated contraction morphism is the desired 
one. Let 5 he a fiber of Fp Gp. Note that Fp ■ 5 ~ —1 since — i^plFp is the 
tautological divisor for Mp ~ Q| (— ) and the image of 5 on is a fiber of 
,'3^p — >■ G{2,V) by the diagram (|6J6l) . This implies = by Proposition l6.4.5l 

Moreover, by Lemma 16.5.21 (det Q) is trivial for 5. Therefore, 5 is contracted 
by the morphism if. On the other hand, for a curve 5' in a fiber of Fp — > ,!^p, it 
holds that Moj.^ • (5' > by Proposition 16.4.51 Thus only fibers 5 oi Fp ^ Gp are 
contracted by (p among irreducible curves on Fp since the Picard number of Fp is 
two. 

Now recall the situation of Proposition 16.4.41 (2) and (3). Let r be a ruling of 
q^{u) ~ X for a point u G of rank 2. Then r is contracted to a point on 
'3^ and Fp ■ r > Therefore (det Q) • r > by Proposition 16.4.51 Therefore r 
is not contracted to a point by Since the relative Picard number = 2, 

we conclude that f is the divisorial contraction contracting Fp to Gp. 

Since Kigr^ ■ 5 — ~1 and Gp is a P^-bundle, we see that W is smooth and 

ffy^ is the blow-up of '3^ along Gp. □ 



In summary, we have obtained the following diagram: 



^2 



(6.17) 



F„ 



Go 



\ -G(2,V^) 



6.7. Locally free sheaves Sl-, Q and T on iV. 

In this subsection, we construct three locally free sheaves Sl, Q and T on 
which play central roles in our description of D^{?V). 

Let (5 be a fiber of Fp Gp. Then fby (S) is a fiber of the morphism ^p ^• 
G(2,y) (cf. dHHl)). Therefore, by Proposition|6X2]and Lemma[633 /g,^5(L<%)|5 ~ 
P^^Q\s — Of^, and then p^^S{Lay^) and /Ol-^Q turns out to be the pull-backs of lo- 
cally free sheaves on ^ . 

Definition 6.7.1. Define locally free sheaves Sl and Q on by the properties 
/45(Ls.J = P^v^Sl and /^Q = %,Q. [] 

Recall the Euler sequence (j6.8p associated with 3^p ~ P(T(— 1)). From the dual 
sequence, we have the natural surjection 7r|,^ri(l) — > Or(^T{-i)){^) ^ 0. Pulling 
back the surjection by /O^^I^^p ■ — > ^p^ we have 



= (/%Jj.J*7r^^r!(l) A (%jFj*OF(r(-i))(l) ^ 0, 
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where vrg^^ := tt^j o and i is the inclusion i : Fp ^ Now consider the sheaf 
T* on "3^2 defined by the exact sequence 

(6.18) ^ r* ^ 7i;;^17(l) ^ (/%JfJ*Of(t(-i))(1) ^ 0. 

Taking Ext' {— ,0^.^) of this exact sequence, we see that T* is a locally free sheaf 
by [Hal III, Ex 6.6]. 

Lemma 6.7.2. T*\& = Of^ for a fiber S of Fp ^ Gp. 

Proof. By Lemma 16.5.11 and (|6.17p , the image of S on P(F) is a line. Therefore 
7r4f](l)|5 O®? ®Opii-l). Also by Lemma iXH (/%Jfp)*Op(T(-i))(l)|5 - 
Opi(— 1). Therefore, by restricting (|6.18p to (5, we obtain the exact sequence 

T*\s^ 0®3 ©Opi(-l) ^ Opi(-l) ^ 0. 

Then we have a surjection T*|5 — > Of?, whose kernel £ is an invertible sheaf. By 
(|6.18p . we have detT* = C's<j(— ~-Pp)- Therefore, by Lemma [6. 5. II and the fact 
that Fp ■ S — — 1 , we see that dot T*\s ~ Cpi , and hence C ~ Opi . Consequently, 
we have r*|i = O^. □ 

Therefore T := (7~*)* is the pull-back of a locally free sheaf on 
Definition 6.7.3. Define a locally free sheaf T on by the property 

T = fhXf. [] 

Later we will need the dual of the exact sequence (|6.18p : 
Proposition 6.7.4. 

(6.19) ^ v4.,T(-l) ^ r ^ {p,M*Op^Ti-i)){~l){Fp\F,) ^ 0. 
Proof. By taking Hom{— ,0-3^2) of (|6.18p . we obtain: 

^ 7f^T{-l) ^ r ^ £x-ti,^^^((/q^jFj*Op(T(-i))(l),O^J ^ 0. 
The claim follows from the isomorphism: 

£2;^^^, ((/%Ji=^p)*^?P(T(-i))(l),0«^.) ^ (A^JfJ*Op(t(-i))(-1)(^^pIfJ. 
We derive this isomorphism by the spectral sequence 

^^^o., ((/%jFj*Op(T(-i))(l),fa:t^o,,^ (Of,, 0%)) 

and also Sxt^,^^^ {Of„0^,) ~ ~ Of,(Fp|fJ and fxi^^.^ (Oj.^, O^J) = 

ifj^l. ' ' □ 
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6.8. The morphism ^ — > and relations among and '3^ . 

Here we summarize the relations among '3^2-, 3/ , and we obtain the morphism 
— >■ which extends the birational map described in Subsection 15.31 These 
relations are schematically drawn in Fig. 2. 

Let us recall that IVx is the blow-up of along U (see Section [5]), and 
'¥■2, is the blow-up of along S^p (see Subsection 16. 4p . Therefore there exists a 
morphism — >■ which is the blow-up along l^^. Also we have constructed the 
morphism : — >■ in Proposition l6.6.1l 

Moreover, recall that the p-conics is parameterized by the subvariety Fp of the 
Hilbert scheme of conies on G(3,F), which is isomorphic to the P^-bundle 
P(S^S*) over G(2, V^) (see Subsection 15.21 i) ). By definition, Fp is isomorphic to 
Gp = phj,^{Fp) as in (|6.16[) and (|6.17p . Therefore we have a morphism — >• 

which is the blow-up of 3^ along (we denote by !^cr the image on ^ of ,^cr C 
^%). It will be convenient to note the following: 

Proposition 6.8.1. The smooth variety '3/^ •parametrizes r- and p-conics on G(3, V) 
over 3/ \ S^a, and the a -planes in G(3, V) over S^a. 

Proof. S^f, C parameterizes the planes in G(3, V) containing cr-conics by the 
definition of !^a. Therefore we have the assertion. □ 

Since the morphism fhy^ : — ?> ^ factors — we obtain the induced 
morphism 

: ¥^ 3/. 

Therefore, composed with — we obtain the morphism 3/q — !• '3^ . By Propo- 
sition [6]4?2l this extends the rational map 3/q --^ constructed in Proposition 

Em _ _ 

By Propositions 14 . 2 . 2l and 1 5 . 3 .T| the image Gp of Gp by '3^ is the ramifica- 

tion locus of — )• Thus we have the inclusion; 

Gp D Gqi/ D G\i/ . 



6.9. Descriptions of the contraction p^:'¥^ 3^. 

In this subsection, we show the contraction Poj'- '3^ is a. if^-negative 

extremal divisorial contraction. This is the final step of our two ray game. 

The results in this subsection will be further studied in Section[7]and will be used 
for the computations of certain cohomology groups of locally free sheaves on in 
Lemma [8. 1.31 In Propositions 16.9.21 and [773?T] below, we observe that p^: 3^ -^3^ 
is an interesting example of extremal divisorial contractions. 

Let us first describe the exceptional locus of p^. Recall that the morphism 
'Wq ^ 3/ \s the contraction of the divisor Fcr (see the preceding subsection and 
also Fig. 2). Recall also that Go/ is the inverse image in 3^ of the locus in of 
quadrics of rank less than or equal to two (see Definition l4.2.3p . As we have seen in 
Subsection 15.21 the locus Fr of r-conics in ^% consists three different iS'L(y)-orbits 

F^'''^ depending on the rank k ~ 1, 2, 3. We denote the orbit closures by F^ . 
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Proposition 6.9.1. The exceptional locus of p^^ is an Sh{V) -invariant prime di- 
visor. This divisor will be denoted by Foj. The divisor is the image of T^ '^ 
under : '3^^ W . The image of under p^j^ : '3^ '3^ is . 

Proof. By construction, p^j is SL(T^)-cquivariant, 3^ is smooth and p{3^) = 2. By 
Proposition 14. 2 . 4l is a Q- factorial Gorenstein Fano variety with Picard number 
one. Therefore p^ is neither an isomorphism nor a composite of non-trivial mor- 
phisms. Also it cannot be a small contraction. Hence we have the first assertion. 

From the description of the SL(F)-orbits in given in Subsection l5.2[ 3^ has a 
unique SL(y)-invariant divisor, which is the image of the orbit closure of r-conics 

—(2) 

of rank 2. Since F^ is SL(F)-invariant, this must coincide with the image of F^ . 

By Proposition 16.4.41 (3) and the uniqueness of SL (l/)-invariant divisor on 
the image of the closure of q^{'^2) under 3^2 ^ 3^ must coincide with F^. Also 
the image on of the closure of '^2 is given by S^(P(y*)) ~ Gg^. Hence we see 
that the image of F^ under 3^ —i' 3^ is Griy . □ 

The rest of this subsection is devoted to describe general fibers of Gg^. 

Proposition 6.9.2. F^ is generically aP'^ xV^-fibration over Goj^. More precisely, 
the following holds: 

(1) The fiber of F^^ — > G<^ over the point of Ga^^ corresponding to a quadric of 
rank two is isomorphic to x P^, and its intersection with Gp is the diagonal 
o/p2 X P2, and 

(2) = ff^Kai/ + 2F^. In particular, p^^ is a K ^-negative divisorial extremal 
contraction and then 3/ has only terminal singularities and Sing = Gai/ . 

Proof. From now on in the proof, we fix the point y of Got/ corresponding to a 
quadric Q in P(T^) of rank two. Let F be the fiber of — > Gg^ over y. The quadric 

Q is the union of distinct 3-planes '^iy^'^) and "^{vf^). Set V^, := v}^^ n v}'^\ 

Wc show (1). By Proposition 16.4.41 (4). we first note that F is disjoint from (the 
strict transform of) ^g-- Therefore F parameterizes t- or p-conics by Proposition 
16.8.11 A conic q C G{3,V) which parametrizes planes in Q is a line pair li U 12- 
The lines k {i ~ 1,2) are of the form: 

/. = {[H] e G(3, V) I V^''> cue } = 1, 2). 

Since h^h ^ 0, both ¥2^'' and ¥2'^^ are 2-dimensional subspaces of V3. Therefore 
such g's are parameterized by pairs of 2-dimcnsional subspaces V'j'^'^ and ¥2'^^ of V3, 
and then the fiber F is isomorphic to ¥{¥3) x P(y3*) ~ P^ x P^. Note that h U h is 
a p-conic if and only if V^^^ = vj'^\ Therefore, since Go can be identified with the 
locus Fp of p-conics, we see that the intersection F n Gp is the diagonal of P^ x P^. 

We show (2). Let r be a line in a ruling of F ~ P^ x P^. It is enough to show 
Kay ■ r = —2. Indeed, assume that we prove this. By the adjunction formula 

Kr^KF^\T^{Ka^ + Fa^)\r, 

it holds {Ka^ -\- Faj) ■ r = —3. Hence we have • r = —1. Define a rational number 
a by the formula = p^Kay -\- aF^^. Then it holds that K^^ ■ r = aF^ ■ r. 
Therefore we have a = 2. 
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To show Kay ' r = —2, we choose r such that it mtersects the diagonal of F. Let 
r' be the strict transform on ^ of r and r" the image of r' on Since — 
is the blow-up along Gp, we have 

K^y,-r' = K^-r + 1. 

Moreover, by the formula (|6.13p . we have 

Kay^ ■ r' = Krjy.^ ■ r" + 5. 

Therefore we have only to show -r" = —6. The strict transform of F on has 
a natural x P-'^-fibration over since it is the blow-up of F along the diagonal. 
Its fiber is described as in Proposition 16.4.41 (3) and then r" is a line in a fiber of 
— ^ P(T^). Therefore wc have Kay^ ■ r" = —6 as desired. 

Finally, "3^ is singular along G^y since the minimal discrepancy for a smooth 
point of '3^ is equal to dim '3^ — 1. □ 

Remark. As a summary, we obtain the following Sarkisov link: 



(6-20) G(3,6)-bundlc 

P(y) ^ <W 

^ is a Fano manifold since p{'3^) ~ 2 and it has two /•sT^-negative contraction. [] 

Corollary 6.9.3. Let '3/2 ^ be the Stein factorization 0/^2 ^ ■ 

'3^1'^ ^ is a Kat/.^ -negative extremal divisorial contraction whose exceptional divisor 
is the strict transform of F^^ . The discrepancy of F^^ is 1. In particular, ^ has 
only terminal singularities. 

Proof. By a similar argument to the proof of Proposition 16.4.31 we sec that ^ ^• 
— is the Stein factorization of — > J^. The exceptional divisors oi?^2 ^ ^ 
consist of Fp and the strict transform of F^p since — )■ is decomposed as 

^ -> ^ ^. Noting Proposition 16.4.41 f2). the image on of Fp is contracted 
by ^ Therefore, looking at ^ ^ ^ -> ^ -> we see that the strict 
transform on of F^p is contracted by — > We have already shown the 
ii'3^2"ii6g3'tivity of — >■ in the proof of Proposition 16.9.21 (2). Indeed, r' as in 
loc.cit. is contained in a fiber of — ^ ^ and it satisfies isT^j ■ r' ~ ~1 as desired. 
Moreover, we have seen F^ • r = — 1 in loc.cit. Then the intersection number of the 
strict transform of F^ and r' is also —1 since the center Gp of fh^/^ is not contained 
in F^ and hence the strict transform of F^ coincides with the total transform of 
F^. Thus the discrepancy of F^ is 1. Now we have shown all the assertions. □ 
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Fig. 3. The fibers of tiie composite morphism '3^ W ^ 3^ . 

represent the loci of symmetric matrices of rank i. Note tliat 
may be identified witli G\ for fc = 1, 2. 

At tliis stage, it is wortliwliile remarking tlrat Y constructed in |HoTalj coincides 
witli Y in this paper. Indeed, by Corollary 16.9.31 is Cohen-Macaulay since 
terminal singularities are Cohen-Macaulay. Therefore, ^ — ?> is flat. Since 

— J- ^ is a double cover branched along the exceptional divisor of — >■ J^, we 
see that ^ — >■ is uniquely determined by its branch locus by |F-a[ p. 48 (6.11)]. 
Therefore, we see that the restrictions of and 'W are equal to U and Y as in the 
proof of |HoTal[ Proposition 3.12]. 
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7. Global descriptions of and special fibers of F^ — > G-sr 

This section is devoted to describing the exceptional divisor F^. Finding an 
exphcit description F^^ = F jl-i in Proposition 17.2 . 5l we determine the fibers of the 
contraction F^ — >■ Gqjr over points in G\f (Proposition 17.3.11 Fig. 3). We further 
study the geometry of Fg^ in details as it will be required for calculating certain 

cohomologies of the sheaves Q, 5/,, T on W in Section [S] It turns out that the 
fibration F^^ G^ is not flat (Propositions 153?^ and 17.3.11) . We find a natural 
flattening in Proposition 17.4.11 The properties in Lemma 17.5.11 and Lemma 17.5.21 
are derived for our proof of Proposition 18.1.31 

7.1. Double lines supported on a line. 

In this subsection, we fix a point [V4] G P(l/^*) ~ Gg^. As the following proposi- 
tion indicates, double lines on G(3, V) are relevant for the description of the fiber 

p-im)- 

Proposition 7.1.1. The fiber f)^~{\VA\) parameterizes planes containing double 
lines supported on lines of the form lv2Vi {[C'^] | V2 C C'' C V4} with some 
[V2] e G(2, V) such that V2CVi. 

Proof. By the proof of Proposition 16.9.21 (1). the points of '3^^ corresponding to p- 
or r-conics of rank 2 are mapped to G^ \ G\^ by p^. Therefore, by Proposition 
16.8. 1[ the fiber ^^^([^4]) parameterizes p or r-doublc lines supported on lines of 
the form lv2Vi^ or cr-planes in 0(3,1^) of the form PviV4- Let q be a double line 
supported on the line I := lv2Vi- Then q is uniquely determined by the plane 
as g = Pq n G(3, V) if q is not a p-conic. When g is a p-conic, then we have 
P^ = Pv2 — {[C''] I V2 C C^}, and recover the line lv2V4- Therefore the assertion 
follows. □ 

Below we describe double lines on G(3, V). Recall that, by Proposition 15.4.1] a 
double line on G(3, T^) descends to a double line on G{2,V /Vi) for some Vi C V. 
Thus we describe double lines in fibers of G(2,r(-1)) f{V). 

Let G(2,l//Fi) be the fiber of G(2,r(-1)) ^ f {V) over a point [Vi] G f[V) 
with Vi C V4. We consider a line / in G(2, V/Vi) of the form: 

(7.1) / = V,y3 = {P'] I "^1 C C F3} C G(2, F/Fi), 

where we set Vi ~ V2/V1, Vj, ~ V4/V1 by fixing V2 satisfying Vi C 1^ C V4. Then 
we have the following description of double lines in G(2, V/Vi) supported on I: 

Proposition 7.1.2. Conies q in G(2,V/Vi) which are double lines supported on 
I = ly^y^ are parametrized by P(Fi (g) (V/Va) ® /\'^ (V /V i)) ~ P^ The boundary 
point \Vi ® {V/Vi)] (resp. [/\'^(V^/Vi)\) represents a double line which is a p-conic 
(resp. a-conic). Others corresponds to double lines which are T-conic. 

More explicitly, choose a basis {§1,62,63,64} ofV/Vi so that Vi = (ei) and 
— (61,62,63). Then the plane P^ spanned by a double line q supported on I is 
equal to the plane spanned by the vectors §1 A 62, ei A 63 and aei A 64 + 662 A 63 
with some a, & S C depending on q. The plane P^ is a p-plane {resp. a-plane) if 
and only if b ^ {resp. a = 0). 
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Proof. Choose a basis {§1, §2, §3, §4} of V/Vi as in the statement. Take the Pliicker 
coordinates Xij (1 <«<:/< 4) associated to this basis. Then / is the (a;i2, a;i3)-hne. 
The defining equation of G(2, V/Vi) in ¥{a'^V/Vi) is X12X34 — X13X24 +a;i4a;23 = 0. 
Since the plane spanned by the conic q contains Z, P^ is generated by the vectors 
§1 A §2 , ei A §3 and aei A §4 + 6e2 A §3 + ce2 A §4 + de^ A §4 with some a, &, c, c? G C. 
Then, by substituting {xu, X23, X2i, X34) = {ax, bx, cx, dx) into the Pliicker relation, 
we see that P2 n G(2, V/Vi) determine s a double hne supported on I if and only 
if c = = 0. Furthermore we see that, when c = d = 0, P^ C G(2, V/Vi) holds 
only for a = or 6 = 0. Note that, together with §1 A §2 and §1 A 63, the vector 
§1 A §4 spans Vi ® VjVi^ and the vector 62 A 63 spans f^V^jyi- From the defining 
properties of the conies, we have the assertion. □ 

In Subsection 17. 3[ we will determine the fiber p^^([V4]) of — Gqi/ over the 
point [V4]. Here we only calculate its dimension as an application of Proposi- 
tion [7X21 

Corollary 7.1.3. The dimension of the fiber f]^ {[V4]) is six. 

Proof. By Proposition l7.1.21 the planes spanned by double lines supported on lines 
of the form IV2V4 are parameterized in ^ by a P^-bundle over F(l, 2, V4), which is 
six-dimensional. Since this locus is birational to ^^"'^([^4]), we have the assertion. 

□ 



7.2. The double covering of i^^; and its birational geometry. 

To determine the global structure of i^^, we study birational geometries of its 
double cover, which are interesting in themselves. A summary is given in the 
diagram ((7^ . 

By the arguments in Subsection 15.21 and Proposition 16.9.11 is birationally 
equivalent to the Z2-quoticnt of the following Z2-variety: 

(7.2) y^fi), ) c n v}'\dimV,^'^ n V,^'^ > 1} 

C G(2, V) X G(2, V) X P{V*) X P{V*). 

There is a natural morphism F'-^^ /Z2 S'^F{V*), and its fiber over a point 
{[V^^^],[V}'^^]) with V}^^ vP is isomorphic to Y{V^) x r{V^), where we set 
= V^^^ n V^^\ Therefore F^^^ 112 S^P{V*) is birationally equivalent to 

G^y by Proposition [O?^ 
It turns out that F'^^)/Z2 is not isomorphic to F^p but we can reconstruct F^f 
from F(^)/Z2 explicitly as follows. See the diagram (|7.8|) for summary. 

First we construct a small resolution of F*^^). 
Lemma 7.2.1. Let 

C G(2, V) X G(2, V) X G(3, V) x P{V*) x P{V*) 

and 

(7.4) G' := {([^3]; [V}% [Vrh) I V3 c V}'^ n v}^^} c G(3, V) x P{V*) x F{V*)- 
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Then, 1) G' is the blow-up of G := P{V*) x P(V^*) along the diagonal, and F^^) has 
a X -fibration structure over G' . In particular, F^^^ is smooth. 2) Moreover, 
the natural morphism F^^^ — > F'^^^ is a small resolution. 

Proof. The first part is almost obvious. We only show that F^^^ —> F^^^ is a small 
resolution. Note that, since V3 = V^^^ + V^^^ holds for F^^) when V^^^ ^ V^^\ or 
V3 = V}^^ n holds for F^^) when vj^^ ^ v}^\ the morphism F^^) ^ F^^) is 
isomorphic outside the diagonal set 

(7.5) A^^a, := {([^2], [V2]; [F4], [^4]) | V2 C V^} ~ F(2,4,F) C F^^). 

The fiber of F^^) ^ F^^^ over a point ([I/2], [V2]; [Vi], [V4]) € A^d) is 

{([^^2], [V2]; m; [V4, [VS I [V3] e G(3, V),V2CVsC V^} ^ P^. 

Therefore the dimension of the exceptional set of F'^^^ — > F^^^ is equal to dim Aj;^(i) + 
1 = 9, hence F^^) ~> F^^'> is small. □ 



We reconstruct F^^ by constructing the (anti-)flip F^^^ F^^^ of F^^^ — > F^^^ 
fLemma l7.2.2p : contracting the strict transform on F'^^) of the inverse image in 
of the diagonal of G = V{V*) x P(l/*) fLemma lTXi]) : finally dividing the naturally 
induced Z2-action (Proposition [7?23]). 

Lemma 7.2.2. Let ^ be a non-trivial fiber of F^^' — > F*^-"^^ {recall that 7 ~ P-'^ as 
in the proof of Lemma WlA^ . It holds that 7V^/j?(2) ~ Opi(-l)®3 ® 0®i^. 

There exists another small resolution F^**-* — > F*-^) which is isomorphic outside 
Ap(i) and whose nontrivial fiber is isomorphic to P'^ . The variety F^^^ is constructed 
by taking the blow-up F'^^^ — >■ F^^-* along the exceptional locus of F^^^ — >■ F^^^ anrf 
contracting the exceptional divisor of this blow-up in the other direction. 

Remark. The small resolution F^^'' — > F^^'' as in the statement can be considered 
locally a family of the small resolution of a 4-dimensional singularity, which is 
studied in jKa| . [] 

Proof. The main point of the proof is to determine the singularities of F^^\ For 
this purpose, set 

% {([^2^'^]; [V}'h) I ^i'^ C vP} C G(2,y) X P(^*) 

and consider the projection F^^^ — > S^. Let be a fiber of this projection over 
a point {[V^^'']; [V^^^]) £ Note that is contained in G(2, v}^^) x ¥{V*). We 
choose a basis {ei, . . . , 65} of V such that ¥2 ^'' = (ei, 62) and v}^'' = (ei, . . . , 64). 
Let Xij (1 < i < j < 4) be the Pliicker coordinate of A'^v}^^ associated to this 
basis. A 2-dimensional subspace ¥2^"^ of vj;^'' such that diniVj''^'' H ¥2^"^ > 1 is 

spanned by two vectors of the forms aiei + 0262 and biBi + ^2^2 + ^363 + ^464. The 

(2) 

Pliicker coordinates of such a V2 are X12 = 0162 02^1, 2^13 = ai^a, 2^14 = ai&4, 
2^23 = 0'2b3, X24 = 02^4, and 2:34 = 0. Denote by xi,...,X5, and yi,...,y^ the 
coordinates of P(y) and PiV*) respectively associated to the basis {ei, . . . , 65} and 

its dual basis. A 4-dimensional subspace V^^^ of V containing ¥2^'^ is of the form 

(2) (2) 

{032:3-1-04X4-1- 05X5 — 0}. Therefore contains if and only if C3 63 -I- C4 64 = 0. 
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From these observations, we see that 



{(2^12, 2^34; yi,---,y5) I 2^34 = 0,rank 



a;i3 2:23 

Xi4 X2i 



-2/4 

2/3 



<!}• 



Therefore A^y is singular only at the origin o of the chart with X12 7^ and 7^ 0, 
and the singularity of at o is isomorphic to the vertex of the cone over the Segre 
variety x P^. 

We may consider F*^^) — > Bay locally as an equisingular family of the cone over 
the Segre variety x P^. It is well-known that the cone C over the Segre variety 
P^ X P^ has exactly two small resolutions pi : Ci — > C and P2- C2 — >■ C, where 
the exceptional locus Ei of pi is a copy of P^ with Nei/Ci — C'p2(— 1)®^, and the 
exceptional locus of p2 is a copy of P^ with Me^ici — ^pi(~l)®'^- We can 
conclude that F^^^ — >■ F^^^f is locally a family of P2- C2 ^ C, and then we have the 
assertion (cf. |Kaj ). F^'^'> — > F^^'' is nothing but locally a family of pi : Ci — > C. □ 

Let Ap be the diagonal of G = ¥{V*) x V{V*) and D^^) the inverse image of Ap 
by the natural morphism F^^' F{V*) x P(V^*), namely, 

D^'^ ■■= m2^% [v^'h; [V4], m I v,^'\v^^^ c F4,dimi/2(^) n v^''> > 1} c f<^'\ 



Let 



D 



(2) 



{([^2^'^], [V2''']; [Vs]; m I V^'Wr' aV.aV.jdF 



.(2 



(1) ta(2) 



P(2) 



Then there exists a natural nior phism ^ £)(!) 

over Ap, which is nothing but 
the restriction of F^^^ — > F*^^' as in Lemma [7.2.11 By the definitions of D^^^ and 
a non-trivial fiber 7 of Z?'^^ — > D'-^' is (actually this is also a fiber of 



F(^) -> f(i)). Moreover, D^^) has 



i^^-bundle structure over the fiag variety 



F(3,4, V). In particular D^^'' is a smooth variety. Therefore D^^^ is a prime divisor 
on F^-'^^ and D^'^^ is its strict transform on F^^^ 



Lemma 7.2.3. S'ei 

D^*^ ■■= {{[Vi]: [v^\ [v^% m, m) I v^'\v^'^ c V,, c ^2^^' n '} 

C P(y) X G(2, V) X G(2, y) X T{V*). 



(7.6) 



Then D^^^ is the strict transform on F^^^ of D^'^\ Moreover, the restriction D^^^ 
D*^^-* of the {anti-)fHp F*^^) F*^^^ is a family of Atiyah flops. Noting Z)*-^) [resp. 
Z?'^^) /las a natural P"^ x -fibration structure over F(3, 4, y) {resp. F(l, 4, T^)), iwe 
obtain the following commutative diagram: 



(7.7) 



F(3,4,\/) 




F(1,4,F) 



Proof. In a similar way to the proof of Lemma r7.2.21 we can investigate D'^^'' D^^^^ 
and then we can show the following: 
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• For a non-trivial fiber 7 of ^ £,(1) ^ ^ holds that Af^/Di^) ^ Opi (-1)®^© 

• Temporarily, we denote by D^^^ the strict transform on F^^^ of D''^\ Then 
_D'^' — )• D^^^ is another small resolution which is isomorphic outside A^(i) 
as in (I7.5p and whose nontrivial fiber is isomorphic to P^. Moreover, this is 
the restriction of F'-'^'> F'-^^ 

From the description of the normal bundle of 7, we see that the birational map 
75(2) _D(4)' 

is a family of Atiyah flops. 
On the other hand, by the definition of D'^^\ there is a natural morphism D^^' — > 
D^^\ which is a small resolution. To see , we have only to show > 

and D^^^ are not isomorphic over Ap since the flop is unique. In general, for a Z2- 
equivariant projective morphism X — > 5, we denote by {X/ S) the rank of the 
group of numerical equivalence classes of Z2-invariant Q-Cartier divisors of X over 
S. Note that p^^{X) = piXjTL^) for a projective variety X. It is easy to see that 
/2(L>(2)/Ap) = /2(i:>(4)/Ap) = 2. Moreover, by the definitions of ZJ^^) ^nd ^ 
there exist Z2-equivariant morphisms D'^' — ?> F(3, 4, V) and Z?^^-* — >■ F(l, 4, over 
Ap besides to flopping contractions. Therefore D'^'^^ and I?^'*-' are not isomorphic 
over Ap. □ 

Liemma 7.2.4. Let fW he as in Lemma 17.2.21 Then there exists a divisorial 
contraction F^^^ — > F which contracts the strict transform of D^^^ to the locus 
isomorphic to the flag variety F(l,4,y). The discrepancy of D^^^ is two. 

Proof. Let Ap be the inverse image in G' of Ap. Note that Ap ~ F(3, 4, V). Let F 
be a fiber of D^^^ — > Ap, where we recall F ~ x P^. Then, by the proof of Lemma 
17.2.31 F intersects the flopping locus along the diagonal transversally. Take a line 
r C P^ X which is contained in a fiber of a projection F — P^ and intersects the 
flopping locus. Then its strict transform r' on is contracted by the morphism 
F(l,4, V). Since F^^) ^ G' is a P^ x P^-fibration and D^^) jg pull-back 
of Ap, we see that Kpi2) ■ r = —3 and D^^^ ■ r — 0. By the standard calculations of 
the changes of the intersection numbers by the flip, we have Kp{4) - r' = —3 + 1 = —2 
and D^*) • r' = — 1 = — 1. These equalities of the intersection numbers still hold 
for any line in a ruling of a fiber of D'-^^ — F(l, 4, V). 

We show —Kp(i) + 21?'^*) is relatively nef over G. Let 7 be a curve on which 
is contracted to a point t on G. If t ^ Ap, then {—Kpn) + 2D'^^') • 7 > since 
n 7 = and F(*) ^ G is a P^ x P^ fibration outside Ap. If t e Ap and 7 is an 
exceptional curve of F^-*) ^ F(i), then (-ifpt*) +2i:)W) -7 > since —Kp{4.) - 7 > 
and D*^^' • 7 > 0. In the remaining cases, t e Ap and 7 C D'^^K Therefore we have 
only to consider the relative nefness of {—Kpn) + 2D'''^^)\p,{i) over Ap. Now we 
take as 7 any line in a ruling of a fiber of ^ F(l,4,y). As we see above, 
{-Kpi4) + 2F)(4)) -7 = 0. Therefore (-Kpi^) + 21? ,4) is the pull-back of some 
divisor Dp on F(l, 4, V). It suffices to show Dp is relatively nef over Ap, which is 
true since an exceptional curve of D^^^ — > D^^^^ is positive for {~I\p[i) 2D'^^')|£,(4) 
as above and is mapped to a curve on a fiber of F{1,4,V) Ap. Therefore 
is relatively nef over G. 

Moreover, by this argument, we see that {-Kpw -h 2F)W)^ n NE(F('^VG) is 
generated by the numerical class of the curves on fibers of D'^^^ ^ F(l,4,y). In 
particular, {-Kpi4) 21)^)-^ nNE(FW/G) C {Kpw)<°. Therefore, by Mori 
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theory, there exists a contraction associated to this extremal face, which is nothing 
but the divisorial contraction contracting D^'*^ to F(l,4, F). 

By the equahties Kp(i) ■ r' ~ —2 and • r' = —1, we see that the discrepancy 
of D^^"i is two. □ 



As we note above, the variety F^^^ has a natural Z2-action. Since all the mor- 
phisms constructed to obtain F from i^*-^) are Z2-equivariant, the variety F also 
has a naturally induced Z2-action. We also note that 

G'^ :==G7Z2~Hilb¥(F*). 

Now we can reconstruct as follows: 

Proposition 7.2.5. The p^- exceptional divisor is isomorphic to F /'L2- 

Proof. We compare the morphisms a: F^ — >■ Ga^r and 6: F/Z2 — > Guy. By |Ta[ 
Lemma 5.5] for example, it suffices to check the following hold: 

• Both Fay and i^/Z2 arc normal. 

• the morphisms a and b are isomorphic to each other in codimension one. 

• ~Kp^ and —Kp^^^ are Q-Cartier. 

• —Kp^ is a-ample and —Kp^^^ is 6-ample. 

The variety F^^ is normal. Indeed, it satisfies the S2 condition since it is a Cartier 
divisor on a smooth variety. Moreover, it satisfies the Ri condition since it is a 
p2 ^ p2_fibration outside the locus of codimension two by Corollary 17.1.31 We see 
that the variety F/Z2 is normal by its explicit construction as above. 

The morphisms a and b are isomorphic outside by the proof of Proposition 
16.9.21 (1) and the construction of F'^)/Z2. Moreover, the inverse images of 
by the morphism a has codimension two in Fa^ by Corollary 17.1.31 and the inverse 
images of Gly by the morphism b has codimension two in -F/Z2 by the construc- 
tion of F I'll. Therefore the morphisms a and b are isomorphic to each other in 
codimension one. 

The divisor —Kp^ is Q-Cartier since F^j is a divisor on the smooth variety W . 

Since the relative Picard number p{W /'3^) is one and a is generically a x P^- 
fibration, we see that —Kp^ is a-ample. 

We see that similar facts hold for the morphism b. 

We see that — A'p^^j is Q-Cartier. Indeed, by Lemma [7.2.41 the discrepancy of 
D'-^-' is two. Then, by the Kawamata-Shokurov base point free theorem, —Kpa) — 
2D(^^ is the pull-back of a Cartier divisor on F, which turns out to be the anti- 
canonical divisor —Kp. Thus ^Kp^^^ is Q-Cartier. 

To show —Kpi^^ is 6-ample, it suffices to see the relative Picard number p{{F /'L2) /Gay) 
is one because b is generically a x P-^-fibration. We compute p[[F / "£2) / G oj^) us- 
ing the above construction. The relative Picard number p{F^'^'>/G') is two since 
jp(2) — >. G' is a X P^-fibration and it is easy to see that it is a composite of 
two P^-fibrations. Moreover we have p^2(F(2)/G') = 1 since rulings in two direc- 
tions of a fiber P^ x P^ of i^^^) ^ q' 

are exchanged by the Z2-action. Therefore 
pZ2(^(2)) ^ 3 gijj(,g p^2{G') = 2. It holds that p^2(^(4)) ^ 3 g^^^^ ^^le flip preserves 
the Picard number and the flip is Z2-equivariant. Since a divisorial contraction 
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drops the Picard number at least by one, we have p^^{F) < 2. Now we see that 
p{{F /Z2)/ Gay) is one since p(Gay) = 1 and the morphism F /1j2 — > Gay is non- 
triviaL Therefore we conclude —Kp/^^ is 6-ample. □ 



In summary, we have obtained the following diagram: 



i^(3) 



(7.8) 




G' ^ 

diag. bl. up 



G 



7.3. Special fibers of G<3r. 

Throughout this subsection, we fix a point [V4] G Gjj^ — V2{V[V*)). 

Using Proposition 1 7 . 2 . 5l we can describe the fiber /0^^([V4]) over the point [V4]. 
To state the result, we introduce the following definitions: 
'Jvi ■ the dual of the universal subbundle on 0(2,14). 

Ecr : the divisor of P(C'G(2,y4) © 9^^4(1)) associated to the injection S'vii^) 



Sp : the section of P(C'g(2,V4) © S^Vii^)) ^ G(2, V4) associated to the injection 



Note that E„ ~ P{^vJ - ^i^vj since rank 2. Therefore E^- G(2, Vi) can 

be considered to be the universal family of lines on P(V4), and then there exists a 
natural projection E„ — )■ P(V4). Note also that Ea- and Sp arc disjoint. 

Proposition 7.3.1. There is a birational morphism P(C'G(2,V4)ffi3^V'4(l)) ~^ 
contracting E„ to P(V4) C /5^^([V4]) and P(V4) parameterizes a-planes in G{3,V) 
of the form PviVi with some Vi C V4. The image in f^^dV^]) of the section Sp 
parameterizes p-planes in G(3, V) of the form Pva with some V2 C V4 (see Section 
[5]/or the definitions of p- and a-planes). 

Proof. Since the fiber under consideration is contained in the branched locus of 
F — > F^j, we have only to determine the fiber F of F — > G over [V4], where we 
consider [V4] is a point of the diagonal of G. Let F' be the restriction over [V4] of 
the exceptional locus of F'-^' — )• F^^\ Then the fiber F is nothing but the image of 
r' under the divisorial contraction F^'^'> — >■ F. Since the fiber of Ap{i) — >■ G over 
[Vi] is 0(2,1/4), the variety F' is a P^-bundle over 0(2,14). By the definition of 
as in Lemma r7.2.31 we see that D^^^jr' = F(1,2,V4), which is nothing but 
the total space V{3^^) of the universal family of lines in P(V4). Therefore we may 
write F' = P(^*), where A is the locally free sheaf of rank three on 0(2, V4) with a 



OG(2,y4)®^V4(l). 



CG(2,y4) ~^ C'g(2,V4) ©9^^4(1)- 
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surjection A — S^v^- Now we show the kernel of ^ — > J'v^ is 00(2.14) (2)- Note that 
the image of F(l, 2, Vi) by the divisorial contraction F^^) -> F is ¥{¥4). Therefore, 
since the discrepancy of D^'*^ for F^^^ — > F is two, and Op^gr* ^(1) is the pull- 
back of Cp(y4)(l), we see that D^^'jr' = -ffp(yi*) — 2L, where L is the pull-back of 
CG(2,y4)(l)- Thus the kernel of ^ — > Jv^j is 00(2,^4) (2)- Since the exact sequence 
^^OG(2.y4)(2) A ^ Jv, splits, we have A* ~ 00(2.^4) ("2) © - 
(OG(2,y4) ® ^14(1)) ® (^G(2,y4) (-2). 

To determine the loci of p- and cr-planes, we describe the fiber of P(C'g(2,V4) © 
3'y4(l)) ^ G(2, V4) over a point [V2] of G(2, V4) based on Proposition [7X1 Fix a 
line I = lv2V4- By Proposition 17. 1.21 the planes of the double lines supported on I 
with choices of Vi such that Vi C V2 are parameterized by the following subset of 

Ti := {i[Vi],x) \Vi(lV2,xe ViV2/Vi ® V/Vi ® A^Vi/V2)}. 
There is a natural projection from F; to P(V2) and this gives a P^-bundle structure 
to F;. Moreover, since V2/V1 is the fiber of ©^(^^^(l) at [Vi] and both V/V4 and 
A^V4/V2 may be regarded as the fibers of C'p(y2) a-t [Vi], the surface F/ is isomorphic 
to P{Opi (1) © Opi). Moreover, the negative section of F; parameterizes the planes 
containing p-double lines supported on I by Proposition 17. 1 . 2l Therefore the strict 
transform FJ on of F/ is isomorphic to F; since — > is the blow-up along 

^p. Moreover, the negative section is contracted by the morphism fh/^: '3/2 ^ 'S/^ 
since any p-conic has 1-parameter choices of V\ (see Section [5]) and this choices 
are forgotten by fh^^ since is isomorphic to outside Fg.. Noting V2/V1 ® 
V/V4, ® A^Vi/V2 ~ V2IV1 ® {V/V4, ® h^V4/V2 ® {V2/V1)*), we see that the forgetting 
morphism is nothing but 

(7.9) f; ^ v{v/Va e a'^Va/V2 ® v;) ~ 

Therefore the image on ^ of FJ is f{V/Vi ® A^V4/V"2 (g) which parameterizes 
double lines supported on the line I = IviVi- We can identify this image with the 
fiber of P(Og(2,V4) © ^'^4(1)) ^ G(2, Va) over [^2], where V/Va and A^Vi/V2 O V2* 
correspond to OQ(2.Vi) ^'^d -^^4(1)- respectively. By the construction of P(y^/V4 © 
^^V4/V2 ® V2) and Proposition [7X21 we see that the loci in P(C'G(2,y4) © 'S^vA'^)) 
which correspond to cr-double lines and p-double lines, respectively, are given by 
the divisor ~ PCS^^i) and the section Sp. Since /0^^([V4]) parameterizes planes 
spanned by conies by Proposition 17. 1.11 the claim follows. □ 



F, =P(Jy4(l))^ F(l,y4)~p3 




P(OG(2,y4) ©^V4(l)) p-^{m)^wG{2,^) 

Fig. 4. The fiber over [V4]. The contraction of Ea reduces cr- 
double lines to cr-planes. 
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Remark. (1) /5^^([V4]) is an example of the weighted Grassmann wG(2,5) |CR[ 
Example 2.5], which is defined in P(l^, 2^) by the equations 

( -X,, ''o){m)'"{1)' ^^^^^^ ~ ^"^^'^ = 0, 

where [xy , yt] = [2:12, a^is, a;i4, 3:23, 2:24, 234, j/i, .., 2/4] is the (weighted) homogeneous 
coordinate of P(l^, 2^). This wG(2, 5) has singularities along {xy = 0} ~ P'^ of type 
1, 1). Over the complement of this singular locus, we see wG(2, 5) has a C^- 
fibration over G(2,4). In Fig. 4, we have depicted schematically the fiber ^^^^([14]) 
over [V4] e G\f. 

(2) It is worth while comparing the descriptions of the fibers of : in 
Propositions l6.9.2] and [7701 with those of the fibers of : — )• in Proposition 
|6Al(3) and (4). 

(i) Suppose that a quadric Q = Qa of rank two is given as in Proposition 16.9.21 
The fiber f}^{[Q]) ~ P(V3*) x P(V3*) parameterizes reducible conies I = /^(i)^(i) U 

ly{2)y{2) by Vj'"^', VJ^'^^ C V3. When we choose a point [Vi] in the vertex of Q and 

consider u — {\Vi\,A) S '^2-, it is clear that the fiber q^{u) ~ P^ x P^ is identified 
with P((V3/Vi)*) X P((V3/Vi)*) which parameterizes the corresponding conies in 
G(2, V/Vi). See also the proof of Proposition HU (2). 

(ii) The fiber /0^^([V4]) ~ wG(2, 5) has a similar correspondence to the fiber q^{u) ~ 
P(l^, 2) over a point u ~ ([Vi], ^) of rank 1 with A representing [V4], i,e., ker A — V^. 
To see this, define a subset in r(V4) : — UV1CV2CV4 ^'v,v4 ^ where is defined 
for the line V2V4 in the proof of Proposition 17.3.11 This has a natural P^-bundle 
structure r(V4) — > F(l, 2, V4). Then the forgetting morphism (|7.9p in the proof of 
Proposition [7X1] entails the fibration P(CG(2,y4) © 3'y4 (1)) -> G(2, V4). p^^([V4]) is 
obtained from P(OG(2,y4) © ?'v4 (1)) by contracting the divisor E„ = P(Jy4(l)). We 
may also make another fibration r(V4)|yj — >■ F(Vi,2,V4) ~ P(V4/Vi) by fixing a 
point [Vi] e P(V4), where r(V4)|yj is the obvious restriction of the set r(V4) (see the 
definition r,^^^J. It is easy to see that r(Ki)|yi - P(Cp(y4/Vi)(-l) ® '^P(y4/yi)(l)) 
and also that the cr-conics correspond to the divisor P(Op(yj/y^)(l)). We note that 
these cr-conics lie on a cr-plane PviV4- Contracting this divisor to a point, we obtain 
a cone over W2(P(V4/yi)), which describes the fiber (?^^(u) ~ P(l^, 2). [] 



7.4. Describing a flattening of Ga>/. 

Here we describe fibers of F'-^^ — > G' as in the diagram (|7.8p explicitly and show 
its flatness. 

Proposition 7.4.1. (1) The fiber of F^'^^ G' over a point {[V^]; [V^], [Vi]) with 

Vl^Vi is¥{V^)x¥{V^). 
(2) The fiber of F^^^ G' over a point ([V3]; [V4], [V4]) is the union of the following 
two 4- dimensional varieties A and B : 

• A ~ P(C'ii(y-)©rp(y*)), which is isomorphic to the restriction o/P(C'q(2 y,)© 
Jy4(l)) overF{Vi) = 0(2,^3) C G{2,V4). 



Hosono and Takagi 



53 



• B is the blow-up ofV(V^) x ¥{V^) along the diagonal Ay^, hence there 
exists a morphism pB '■ B — > P(V3) induced from the rational map 

nV,*)xF{V*)\Av, FiV^) 

and pb is a x V^-bundle. 
In particular the morphism i^"^"^-* — > G" is flat. Moreover, the intersection 
Eab '■= An B is P(Tp(y^»)) in A, which is the restriction of E„, and is the 
exceptional divisor of B ^ ^(^3) x P(^3*) ^'^ B. 

Proof. Part (1) follows from the construction of F^^^ G' . 

We show Part (2). The fiber of ^ qi ^^^^^ ^ ^^^^^ Q^g]. jy^j^ j^^j) jg p(v-g*) x 
P(V3*). The intersection of the fiber P(V3*) x P{V^) with the exceptional locus of 

F(2) ^ ^(1) is 

{{{V2], m; m; [V4, [Vi]) I V2 C ^3} ^ P', 
which is nothing but the diagonal of P(V3*) x P(V3*). Therefore we have B as an 
irreducible component of the fiber of F'-^^ — > G' over the point ([V3]; [V4], [V4]). 

Another component A is a P^-bundle over the diagonal of P(V'3*) x P(V3*) since 
the exceptional divisor of -F*^'^-' — > F'^' is a P^-bundle over the exceptional locus 
of Since the image on F^^) of the diagonal of FiV^*) x FiV^*) 

is equal to G{2,V3) = F(V^*) in G(2, V4), the image of A in is the restriction 
of P(CG(2,y4) ffi 3^14(1)) over P(2, V3). Therefore we obtain the description of A as 
in the statement since 3^v'4|p(V3*) — Tr(y»^{—1) and A/a^j — ^^Piv^) for the normal 
bundle A/avj of the diagonal Ay-^- 

The assertion about An B is easily seen. □ 

By Proposition 17.4.1] we obtain the flattening of F^ — > Ggy as follows: 
(7.10) F(3) F^ 



G' 5~ Ga^. 

The flatness of the morphism F^'^^ — )• G" is crucial for the proof of Lemma fS.l.BI By 
this property, we can reduce computations of cohomology groups on F^ to those 
on F^'^^ and then those on special fibers of F^'^'' — > G". 

7.5. The pull-backs of Q, Sl, and T on A and B. 

In this subsection, we consider the situation of Proposition l7.4.1] (2*1. In particu- 
lar, we fix V3 and V4. Wc describe the pull-backs of the divisor F^; and the sheaves 
Sl, Q, T on ^ and B. For this purpose, we study the birational geometry of A as 
follows: 

Lemma 7.5.1. Denote by Agj^ the image of A on 'W , by Aqif^ the strict transform 
on of A^, and by Ag^^ the image on Wz of Aig/^. It holds: 

(1) A A^ is the contraction of Eab — F{Tp(^Y^-^) to P(V3). P(V3) is the image of 
B by the morphism pB as in Proposition U .4.1] (2) and is equal to the singular 

locus of Aap, 
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(2) — >■ A^ is the blow-up along the image on A^^ of the section sa of A ^ 
P(V3*) associated to the injection Op(^v^) ^ ©^(Vg*) (9Tp(^y*), 

(3) A^^ Moreover, S^p\Am,^ is isomorphic to WiTp^y^-f {—!)), and 

(4) let A A be the blow-up of A along the section sa ■ Then there exists a natural 
morphism A — >■ A^j, which is the blow-up of Aay^ along its singular locus. 



A 




P(^3) % P(^3*)- 

Proof. Part (1) follows from Proposition 17. 3.11 

Part (2) follows from the description of p-double lines as in Proposition 17.1.21 
and Proposition 17.3.11 since ^ is the blow-up along Gp. 

Now we prove Part (3) and Part (4). Let Ip be the ideal sheaf of the section s^ 
as in Part (2). Denote by Ha the pull back on A of C'p(y^*)(l). Note that Eab is the 
tautological divisor associated to Op(^v^) © Tp(^yty Then, by a standard argument 
using the theorem of cohomology and base change, we see that the natural map 
H°{A,Oa{Eab + '2Ha)'E>1:p)(E)Oa Oa{Eab + '2.Ha)'»Tp is surjective. Therefore 
the rational map defined by the linear system \Oa{Eab + 2i?^) ®Xp\ becomes a 
morphism on the blow-up A oi A along the section. Since Eab + 2-//^ is the tau- 
tological divisor associated to Op(y*){-'2) Tp(y*^{—2) ~ Op(y^.)(— 2) © rip(y^.)(l), 
the target of the morphism is P(i7°(Tp(y^») (— 1))*) ~ IP(V3). Moreover, by this mor- 
phism, the divisor Eab — "^{Tp^y^-^) is contracted to P(V3), hence the morphism 
A — > P(Vi3) is surjective and factors through Aitp-^. Since p{Aajr^) = 2, the two 
morphisms Aa^f^ — >■ A^ and ~^ P(^) £^re the only nontrivial morphisms from 
AojA^. Therefore, since Aay^ — )■ Aojr^ is birational and is different from Aoj^^ — > 
it must be an isomorphism. Hence !^p\A^y^ is isomorphic to the exceptional divisor 
of Ag^j — A^, and the latter is isomorphic to P(rp(y,) (— 1)). Since vr^^l^apfiA^g is 
surjective, so is tta^ . Q 



For a locally free sheaf S on W , we denote by £a and £b its pull-backs on A 
and B, respectively unless stated otherwise. Denote by Ha the pull back on A of 
C'p(V3*)(l), and Fa and Fb the pull-backs of F^ to A and -B, respectively. 

Lemma 7.5.2. It holds that 

(1) Fa - -{Eab + 2Ha), {Sl)a ~Q.a^Oa®V, and Ta ^ Of © V, where V is 
a locally free sheaf obtained as a unique nonsplit extension 

^ Oa{Ha + Eab) ^ V ^ Oa{Ha) ^ 0. 

(2) Ob{Fb) ^ p|jOp(y3)(-l), {Sl)b ^ Qb - OB(S)p*BTp^y^){-\), and Tb ^ 

® P*BTp(y^){-l), wherepB- B V{V:i) as Proposition^^^{2). 
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Proof. 

Step 1. det{SL)A = dot Qa = Eab + ^Ha- 
By (j6.4[) . we have only to determine Qa- By the proof of Leninia l7.5.1l (3) and (4), 
we have Eab + 2^^^ — G = L^, where and Eab are the pull-backs on A of 
and Eab, respectively, is the pull-back of Of>i^Y^){l), and G is the exceptional 
divisor for A A. Therefore, by Proposition 16.4. 5] we have det Qa = Eab + 2Ha 
since is trivial on a fiber of F,_^ — > G^ and G is the pull-back of the exceptional 
divisor Fp of ^2 

Step 2. - + 2i7A). 

By Proposition 16.4.51 we have L^p = det Q — M^, where L^p is the image of L^^ 

on jr. Therefore, by ^J^, we have if^ = -6 det Q + 4L,j^ = -2 det Q - 4M^. 
Further, by Proposition EMI (2), we have -2 det Q - 4A% = -10A% + 2F,^. 
Therefore, since the pull-back of Af^ to A is trivial, we have Fa = — detQ^- 
Consequently, we obtain Fa = ~{Eab + 2-ffyi) by the first paragraph. 

Step 3. {Sl)a^ Qa^Oa(SV. 
We investigate the restriction of the universal exact sequence (j6.3p on A^^. Let 
SAoy^ and Qa^^ be the restrictions of S and Q, respectively. Then we obtain 

(7.11) -> 51^^ vr^^^ (r(-l)^2|^^^^^) ^ g^^^ ^ Q 
Note that 

(7.12) (r(~l)|p(V3)) ~ a2(Tp(V3)(-1) ® ® Op(y3)) - 

Op(V3)(i) e V/V3 ® rp(y3)(-i) ® a2(f/i^3) ® Op(^3). 

From now on, we consider the situation in Proposition 17.1.21 and use the notation 
there. We choose the basis of V3 = V4/V1 as in there such that {61,62} is a basis 
of V3/V1. Take the point [P^] G Aay^ associated to a double line q with V2 C V3. 
Note that is the projectivization of the fiber S* of S* at [P^] e G(3, T{~1)^'^). 
Since the fiber of the pull-back La^^^ of Op(^v3){^) at [P^] is generated by [ei A 62], 
La^.^ is a direct summand of {S*)au!,^- We write {S*)a^.-^ — {S *)Aoy^ © ^^"y^ with 
a locally free sheaf {S *)a^ of rank two on A^g. Moreover, the fiber of the pull- 
back of A^(y/V3) (8)Cp(y3) at [P^] is generated by [ea A 64], {S*)a^^ is contained in 
Ea^^ © V/V3 (g) 7i^jy^Tlp(V3)(— 1). Therefore, we obtain the following exact sequence 
from ([7TT|) : 

^ (5'*)^,^ ^ V^/F3 ® ^A^3 7>(y3)(-1) ^ Q'a.^3 ^ 0, 

where Qaos,3 — Q'a^ ®Oa^^- The pull-back {S'*)^ on A of (iS'*)A„y3 contains a 
subbundle of rank one whose fiber at a point over [P^] is generated by ei A 63. Note 
that ei A 63 is a basis of V2/V1 ® V4/V3. Since V3 and V4 are fixed, the vector 
space V4/V3 is the fiber of the trivial bundle on A. Since Vi is the fiber of —L^ 
and V2 is the fiber of the pull-back of r2p(v'^.) (1), we see that V2/V1 is the fiber of 

0^{~H^ + L^) by taking the determinants. Therefore (5 *)^(— L^) is presented 
as an extension as follows: 

^ 0{-H^) ^ {S'*)^{-L^) ^ 0{-H^ - Eab) ^ 0, 
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where the quotient is determined by taking determinants. Since 0{-~H£}, [S *)^(— L^), 
and 0{—H^ — Eab) are the pull-backs of locally free sheaves on A, we have 

^ Oa{-Ha) ^ {S£)a ^ Oa{~Ha ~Eab)^ 0, 
where [S *)^{—L^ is the pull-back of {Sj^)a- The sequence does not split since 
{Sj^)a is the pull-back of a locally free sheaf on but Ha is not. Since 

¥.i^i\OA{-HA-EAB),OA{~HA)) ^ H\A, Oa{Eab)) ^ 

we see that (5^)^ ~ V as in the statement, and {Sl)a — V © Oa- 

Let Q ~ be the pull-back on A of Q'a^^ ■ We see that there is a surjective map 
from Q ~ to the invertible sheaf whose fiber at a point over [P^] is generated by 
62 A ©4 by the description of as in Proposition 17.1.21 Since §2 A 64 is a basis 
of V^/V2 ® V/Vi, the invertible sheaf is 0^{H^). Therefore Q'~ is presented as an 
extension: 

^ 0{H^ + Eab) ^ Q'a^ ^(^a) ^ 
where the kernel is determined by taking determinants. Therefore we see that Q'~ 
is also the pull-back of V and Qa — V © Oa as we determine {Sl)a- 

Step 4. Ta ^ Of © V. 
By Lcmma lTXn O). ^pIa,-,^ ^ P(rp(y3) (-1)) and this lifts to ^2 isomorphically. 
Therefore, restricting (|6.18p to Ag^^ , we obtain 

(7.13) ^ ^ TfA^^ (^^^(V3)(l) © Of^v,)) 0P(Tp,v3,(-i))(l) ^ 0, 

where T^^ and vr^^^^ ^^'^ restrictions to A^.^ of T* and tt^^ respectively. Since 
^"(0P(Tn^',(-i))(l)) = /i"(f^P(y3)(l)) = 0' have 

where V is the kernel of the map 

(7-14) 7TX^Qj.^y^^{l) ^ Op(T,,,3,(-l))(l). 

Again, we consider the situation in Proposition 17.1.21 and use the notation there. 
We choose the basis of ^3 = V4/V1 as in there such that {ei,e2} is a basis otVs/Vi. 
Take the point [P^] e A^^ associated to a double line q with V2 C V3. Note that 
the fiber of vi^^^ rip^^^^^(l) at [P^] G is isomorphic to {V3/V1)* . Similarly to the 
argument below (|7.12p . the vector space {V3/V2)* can be considered to be the fiber 
of 0^{—H^) at a point over [V2] € P(V3). Therefore we have a natural injection 

OAi-HA)^^A^nv.)i^): 

where the cokernel ICi is an invertible sheaf and vr^ is the naturally induced map 

A P(Vi3). By taking the determinants, we see that ICi — 0^{H^ — ^a)- We 
show that the composite 0^{—H^) C'p(Tp|^^j(_i))(l) of this map with the pull- 
back of (|7.14|) is zero, where we note that P(Tp(v'3)(— 1)) lifts isomorphically on 
A. Indeed, Hp(^Qi^^ ^(^^^ is nothing but the pull-back of Ha by the map A A. 
Since i?p(Tr(v,3)(-i)) = i/p(ni|^^j(i)) - where L is the pull-back of Oviy^){\) to 
P(21p(V3)(~1)), we have only to show /i°(2ffp(fji ^ (j^)) — E) = 0, which follows 
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from the Bott theorem ImTl since i/°(2iJp(ni^^ ^(i)) - L) ~ iJ°(S2(Tp(v:,)(-l)) (g> 

^Aoy^ (—!))• Therefore we have an injection 0^{—H£) ^ V^, where is the puh- 

back of V" on A and the cokernel K.2 has the following expression as an extension: 

^ /C2 ^ 0^{H^ - L£) ^ i/p(Tr(.3,(-i)) ^ 0. 

Taking £xt*{—, O^) of this exact sequence, we see that /C2 is also an invertible sheaf 
by |Ha[ III, Ex 6.6]. By taking the determinants, we see that JC2 = 0^{H^ — — 
Fp\^), where Fp\^ is the pull-back of Fp. Since M<s/-^\a^^ = 0, we have det = 
+ Fp\^ by Proposition 16.4.51 where is the pull-backs of Q. Therefore, 

IC2 = 0^{H^~dct Q^) — O ^{—H^~Eab)i where the second equality follows from 
the first paragraph. Therefore V'~ has the following expression as an extension: 

^ 0^{-H^) ^ ^ 0^{-H^ - Eab) 0. 

Consequently, we have 7a — C®^ ® V as we determine {Sl)a- 

Step 5. Fb, {Sl)b, Qb and Tb- 
By Lemma [7.5.1l fl). the image of B on is the P(V3) contained in A^. Therefore, 
Fb, {Sl)b, Qb and Tb are the pull-back of the restrictions of F^, Q, and T to 
P(V3). Since Fa\eab — —{Fab + '2F[a)\eab by Step 2, and this is the pull-back of 
Cp(y3)(-1): we have Fb = p|jOp(V3)(-l). Since Ta^Oa® {Sl)a ^Oa®Qa as 
above, we have Tb — Ob ® {Sl)b — Ob ® Qb- Thus we have only to determine 
Tb- Recall that P(V3) in A^ parameterizes the planes spanned by cr-conics by 
Proposition 17.3 . Il Therefore P(V3) is disjoint from the locus of p-conics, and then, 
by (Eig, we have fB^P*B{T{-l)\nv,)) - ®Pb(7]p(V3) (-!))■ □ 
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8. The derived category of the resolution of the double 

symmetroid 

In the previous sections, we have obtained a desingularization : To 

have we have started with the Hilbert scheme of conies in G(3, V) and arrived at 
the relative Grassmann bundle ^ = G(3,T(-1)^2) 

over P(y). The disjoint union 
of the orthogonal Grassmann varieties and S^p is naturally defined as the max- 
imally isotropic subspaces with respect to the quadric G(2,r(— 1)) C P(T(— 1)^^). 
Here we reproduce the relevant part of the diagram (j6.ip for our calculations in 
this section: 

F„ 9- G „ 



^ p " p ^ ^p 

n n n 

where /^^^ is the blow-up along with its exceptional divisor Fp, and fh/^ is the 
contraction of Fp to another direction. In Subsections I6.4H6.61 we have seen that 
this process is nothing but a step in the two ray game. 
Recall the universal exact sequence of 

0^5*^ 7i;,;;,(T(-l)^2) ^2^0, 

and also our definition of the sheaf T* = Ker {7r^^f2(l) —J- (/%<j|fp)*C'p(t(--i))(1)} 
on in (|6.18p . where T^ay^ represents the composite morphism — > — > P(F). 
Then, we have defined the sheaves 5/,, Q and T on by the properties 

where Liiy^ = 7r^^O(l). We also use Ma^ for the pull-back of 0^(1) by the com- 
posite morphism W ^ J^. These sheaves on W are studied in this section. 

8.1. Constructing a Lefschetz collection in V^l^V). 

We will show that the sheaves Sl,Q, T and Oay define a Lefschetz collection in 
D''{W), which we expect to be the 'dual' to the dual Lefschetz collection in 
obtained in Theorem 13.4.41 

Theorem 8.1.1. (1) Let 

{£3,£2,£ia,£ib) = {Sl,f*,0^,Q*{M^)) 

be an ordered collection of sheaves on . Then {Bi)i<i<4 := {£3,£2,£ia,£ib) 
is a strongly exceptional collection, namely, it satisfies 

H'{B* ® Bj) ^Oforl<i,j<Aand»>0 

and H°{B* ® B£) = Oji > j), H°{B* (E) B^) ^ C {1 < i < A). 
(2) For i < j, H°{B* Bj) are given by 

H'^{£1 ® £2) ^ V, ® £ia) ^ A^V, H"i£; ® £u) ^ SV, 

H%£; £ia) ^ V, H\£; ® £u) ^ V, H%£*^ ® £u) ^ 0, 
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and may be summarized in the following diagram: 




(3) Set 
Then 

is a Lefschetz collection, namely, for 1 < i, J < 4 and • > it holds that 

H'{B* ®Bj{^t)) =0 (1 <t<9), 
where (—t) represents the twist by the sheaf Oa^{—tMap). 

The rest of this section is devoted to our proof of Theorem I8.1.1[ where we 
compute the cohomology groups H'{B* ® Bj{—t)) (0 < i < 9). Our strategy is to 
reduce the computations of cohomology groups on to those on and use the 
Bott Theorem [IM] for the G(3, 6)-bundle % P{V). This idea works for smaU 
values of t as we formulate in Proposition 18 . 1 .61 below. 

Lemma 8.1.2. K^j^ = -lOM^ + 2F^ 

Proof. We have = -lOM^ by Proposition l4.2.4l Then from Proposition 16.9.21 
(2), = ptK^ + 2F^ = -lOM,^ + 2F^. □ 

Let us introduce 

C,j=B*®B, (l<i,j<4) 
for the ordered collection (S.;)i<i<4. 

Lemma 8.1.3. For C = Cij as above, it holds 

H'{¥,C{-t)) ~ H^^-'{¥,C*{t - 10)) 

for any integer t. 

Proof. Note that the cohomology groups H' {"3^ ,C{—t)) is Serre dual to 

H^^-'{¥x*{{t ~ 10)A% + 2F^)). 
Considering the exact sequence 

C*{{t~lQ)M^+{i~l)F^) -> &{{t-lG)M^+iF^) ^ C*{{t-IG)M^+^F^)\F^ ^ 0, 
it suffices to show 

(8.2) H^^-'{F^, A^) = for i = 1, 2 and any 
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where we set 

A :=C*((t-10)M,^ + zF^)|j.^. 

Recall the diagrams (|7.8p and (|7.10p . Since the niorphisni F — )■ F^p is finite, 
and F has only rational singularities by its construction, we have only to show 
the vanishings of cohomology groups of the pull-back of Ai on F^^\ Since the 
niorphisni F^"^^ — > G' is flat by Proposition l7.4.11 we have only to show the vanishing 
of cohomology groups of the pull-back of Ai to its fibers. By the upper semi- 
continuity of cohomology groups on fibers, it suffices to prove the vanishing on 
fibers over points of the diagonal subset of G". By ProDOsition l7.4.11 such fibers are 
of the form AUB. Note that the pull-back of to the fibers is trivial. Therefore, 
by Lemma 17.5.21 we have only to show the vanishing of the following cohomology 
groups: 

H'iA U B, C1us(«^Aub)) {i = 1, 2), 

where Caub and Faub are the pull-backs of C and F^ to AU B, respectively. 
Tensoring C^^j^liFAuB) with the Mayor- Vietris sequence, we have 

(8.3) ^ C1us(*^aub) ^ C*^itFA)®C*B{^FB) ^ C^nsC^-P^Ans) ^ 0, 

where Ca, Cb, and Cahb are the restrictions of Caub to A, B and AOB respectively, 
and Fahb is the restriction of Faub to An B. By Lemma [7.5.21 (1). we can easily 
show the vanishing of H'{A,C'^{iFA))- Moreover, by Lemma [7.5.21 (2), we easily 
see that the restriction maps H'{B,Cg{iFB)) H*{Ar\ B,C\^g{iFAnB)) are 
isomorphisms. Therefore we have the vanishing of H'{A U B,C\yjQ{iFA\jB))- D 



Remark. The above lemma supports the conjecture that 2?^, . . . , I?^(9) 

generates a strongly crepant categorical resolution (cf. |Ku3j ). [] 

Let us introduce a sequence of sheaves on 

(S,)i<,<4 - (AS',5*(-L^,),r*,0^,,/4Q*), 

and define Cij = B* ® Bj for 1 < «, j < 4. Note that Bi have its corresponding form 
to Si for i = 1, 2, 3, but B^ is defined by removing the twist of M^j^ from B^. 

Let I? be a locally free sheaf on '3/' and T) Pg^T). Since : "3^2 ^ '^s a 
blow-up of a smooth variety, it holds that 

(8.4) H'{§',V{-t))c^H'{^2M-t)), 

where (— t) on the right hand side represents the twist by Og^^{—tM^^). By Defi- 
nitions [GlOl [6i3] and Lemma r8.1.31 for our cohomology calculations, it suffices to 
know 

^^^^ H'{§',Cu{~t)) = H'{^^2,C^i{^t + l)) (t = 0,1,...,6) 

H'{§',C4j{-t))=H'{^2,C4j{-t-l)) (t = 0,1,...,4) 

for 1 < i, j < S and 

(8.6) i/'(^,4(-t)) = if'(^r2,C„-(-t)) (t = 0,1,...,5) 

for 1 < *, i < 3 or i = J = 4. 
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Lemma 8.1.4. For the computations of ()8.5|) and (|8.6|) . we may replace T by 
7r^^r(— 1) except in one case C24(l) ~ T ® Q*{May^). From now on we may use 
the following relations: 

Ci2{-t-l) = (/4Q®7r4r!(l))H- 1), 

C2i{-t + 1) = (vr4r(-l) ® ft,, Q*){~t + 1) (t ^ 0), 

C.,2(-t) = (6* «) 7r41](l))(-t) = 1, 3), 

C-ui-t) - (7r|.^T(-l)®S,)(-t) (j = 1,3), 

C22M) = (^4r(-l)®7r4r!(l))(-0. 
Proof. First wc consider Ci2(— i)- By the exact sequence (jS.lSp . we have 

r* ® PM) -> 7r^^r!(l) ® 2?(-t) ^ (/%JfJ*Op(T(-i))(l) ® 2?(-i)lF, ^ 
for a locally free sheaf 2? on For 2? = Cs^2, /^a^' oi" holds that 

^•(^P, (/¥ji=^p)*^^P(T(-i))(l) ® 2?(-t)|Fj = for any t 
by the Leray spectral sequence for ffy^Fp- Pp ^ Gp since is a P-^-bundle and 

the restriction of (ffy^Fp)* Op(^t{-i)){^) 'X' 'D{—t)\Fp to its fiber is a direct sum of 
C'pi(— 1) by Lemma [6.5.11 Therefore we have 

H'{?V2,T* ®V{-t)) ~ H'{?V2,Tf^,n{l)®V{-t)) 

for V = /t|<^Q, f^,S{Lay,) or T and for any i. 

Next we consider C2j{—t) except C24(l). By the exact sequence (|6.19p . we have 

^ 7r^^r(-l)®2?(-t) ^ T^Vi^t) ^ (p^Jf J*Op(T(-i))(-l)®2'(-iA%.+Fp)|F, ^ 

for a locally free sheaf 2? on ^2- Set V = Ooj/,, fSy^Q*, or vi^,r2(l). 

We show the vanishing of 

(8.7) H'{Fp,{fy,JpJ*OriTi^,y){-l)®V{~tM^,+Fp)\F^). 

By Proposition 16.3.21 we have only to treat the case where V ~ Oap, , Q* or 
7i^^J7(l). In the case where < t < 4, the vanishing of ()8.7p follows from the 
Leray spectral sequence for fht/^Fp '■ Fp ~^ since fby^Fp is a P^-bundle and the 
restriction of (/%'2l_Fp)*Cp(T(-i))(~l) ® V{—tM^, + -Fp)|Fp to its fiber is a direct 
sum of Cp5(— (t + 1)) by Proposition 16.4.5] Therefore we may assume that t = h 
from now on. The cohomology groups (18. 7p is Serre dual to 

(8.8) Fi2-(Fp, (/%J^^J*Op(T(-i))(l) ® 2?*(pJ^,(-det Q - i%))|^^J 

by ()6.14p and Proposition 16.4.51 Since pt^, is the blow-up of a smooth variety and 
V is the pull-back of a locally free sheaf I? on the cohomology groups (j8.8p is 
isomorphic to 

(8.9) H'-''-'{S^p,Oy^Ti,-i))iX)®v\- det Q - L^3)|^J. 
Using 7?,p as in (|6.9p , we can write 

_ rO^^(-det7ep-2L5'J 
Op(T(-i))(l)®^*(-detQ-L^3)|5^^ = <^ 7^p*(-2L,<J.J : P = Q* 

[7i^^l^(l)(- det7^p - 2L,^J : P = 7i^,f2(l) 

(see Proposition 16.3.31 (1) and (2)). All the cohomology groups of the restriction of 
these sheaves to a fiber of TT^jl^p : ^p fiV) vanish, thus so does (|8.9p by the 
Leray spectral sequence for vr^g \^^. □ 



62 



Double quintic symmctroid 



By the following simple lemma, we can reduce most of the computations of 
cohomology groups to those on W-i: 

Lemma 8.1.5. (1) Ri (h^^^O{tFp) = /or any t < 5 and q>0. 
(2) fh^^MtFp) = a% fort> 0. 

Proof. Part (1) follows from the relative Kodaira vanishing theorem since tFp — 
Kay.^ =^3 (t - 5)Fp is /%,-nef and /^^-big if i < 5. 

Part (2) is well-known. □ 

Now define an ordered collection of sheaves on 

(H,)i<«<4 = (5(L.^3)*,vr41^(l),0%,Q*), 
and set dj ~ B* ® Bj . 

Proposition 8.1.6. The cohomology groups on '3^2 in the r.h.s. of ()8.5p and (|8.6p 

can be evaluated by using 

(8.10) H*(^2,C,jH)) -^'(^s-C^j-MdctQ + ^L^)) (i = 0,l,...,5) 

for 1 < i, J < 4 except the cases of Ci4{l) (1 < i < 3). {We need to read t — I and 
t + 1 in the r.h.s. of (j8.5p as t.) 

Proof. Note that we may assume that the relation Cij = p^J^ij holds for Cij{~t) 
except C24(l) by Lemma 18.1.41 Then by the Leray spectral sequence for and 
ProDOsition l6.4.5l and Lemma [8. 1.51 we have the claimed isomorphisms for the range 
of t in (|8.5p and (|8.6p except the cases Ci4(l) (1 < i < 3), for which t = —1. □ 

8.2. Calculating cohomologies of coherent sheaves on 

Here first wc calculate the r.h.s. of (|8.10p postponing the cases Ci4(l)(l < « < 3) 
to the latter half of this subsection. Wc use the Leray spectral sequence associated 
with 7r<% : ^3 -> P(V). 

Let G ~ G(3,6) be a fiber of vp^g. Since ^2^3, 7^^T{—1) and 7i^^ri(l) is the pull- 
back of the sheaves on P(y), anddetQIc = 0^(1), the restriction of Cij(—i det Q-l- 
tLsy^) to G is given by the direct sum of the following sheaves: 

S\G®S*\G{-t), 5|G(-t), S\G®Q*\G{~t), (0<t<5) 

(8.11) 5*|G(-t), OG{~t), Q*|g(-0, Q\G®Q*\G{-t), (0<t<5) 
Q\G®S*\G[-t), QlG(-t) (l<t<5) 

where (— t) represents the twist by Og(— 0- 

Lemma 8.2.1. All the cohomology groups of the sheaves in ()8.1ip vanish except 

H\S\g®S*\g), H\S\g), H\Og), andH\Q\G®Q:*\G). 

Proof. These claims follow by the Bott theorem 12.0.11 □ 

Proposition 8.2.2. Consider the cohomologies H* {'3^2iCij{-~t)) except the cases 
Ci4(l) (1 < i < 3) as in Proposition 18.1.61 The r.h.s. of (j8.10p vanishes except 
possibly 

(8.12) ff'(S^2,Cy ) ~ i7'(P(V^),7r^3,Cy ) with I < i, j or i ^ j = A. 
Proof. This follows from the isomorphisms (|8.10p and Lemma [8. 2. II □ 
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For the evaluations of the r.h.s. of ()8.12|) . we use the Bott theorem for vrg^g : J% — >■ 
P(V^). All non- vanishing sheaves turns out to be 

T^?v,*Cii, ^%*Ci2, 7r%,Ci3 O, T(-l)^2^r!(l), r(-i)^2 

^%*C22, 7r5%,C23 ^ r(-i)®fi(i), r(-i) 

and 7r3<j,C44 ~ O. 

We can compute the cohomology groups on f'{V) by applying the Bott theorem 
I2.0.1l again. For the calculation we evaluate irreducible decompositions, for example, 
r(-l)^2 ^ ^ 5-(o,o,o,-i)^(i) ^ 

by the Littlewood-Richardson rule. In this way, we finally obtain the following 
non- vanishing cohomology groups: 

ij"(^2,Cii), ijO(jr2,Ci2), -ff°(^r2,Ci3) c, v, a^f 

i?°(^r2,C22), -ff°(^r2,C23) ~ C, F 

and ijO(^2,C44) C. 

Now let us turn our attention to the cases iJ*(^%,Ci4(l)) (1 < i < 3) for which 
the isomorphism (|8.10p does not apply. 

(1) H'{^,Cu) ^ H'{?V2,Cu{l)) ~ i/0(^r2,Ci4(l)) ^ S^V. 
For Ci4(l) = /?^^Ci4(l), we have 

Ci4(l) = f^,{S{L^,) ® Q*)(A%J ^ Q*(det Q))(-^^p) 

by Proposition 16.4.5] Consider the exact sequence 

^ Q*(det Q))(-Fp) ^ Q*(det Q)) 

^KlFj*(5®Q*(det Q)|5'J^0. 

We evaluate the cohomology of the middle term by H'{'3^3,S (g) Q*(detQ)) ~ 
®iH*-^(F{V),R\^^ ^{S (g Q*(det Q))). By the Bott theorem for 7r<% : % P(V), 
it is easy to see that the only non-trivial term comes from 7r3(-3*(5 (S) S*(det Q)) ~ 
^(i,i,o,o,o,-i)2i^_-[^-)A2^ To use the Bott theorem again for the cohomology over P{V), 
we note the following plethysm of the Schur functors: 

1,0,0,0 -l)2.^_-[^^A2 ^ ^(2,0,0,0)y(-_-^^ ^ ^ Z^^-^'°'"^^T(-1). 

Then the only non-vanishing result comes from the first summand, and we finally 
obtain i?*(^3, S (g> Q*(det Q)) = iJO(P(F), Z(2."^o.o)r(-l)) ~ S^F. 

Now, let us note that g'(f p, (/jyj f J* (5 (g) Q*(det g)|g.J) ~ H'{^p,S ® 
Q*{det Q)\.^^). By Propositions ISX^ and [O:^ we have 5 «) Q*(det Q)\,^^ ~ 
7?.p (g) 7?.*(2 det72.p — i^^). In a similar way to above by considering the fibra- 
tion ¥{V), we see that 

H'{^p,np<g>n;{2dctnp - ~ ff*(^p,e),^^(2det7ep - l^^j). 

Further, the r.h.s. vanish except possibly iJ°(^p, 0,.^^ (2 dot 72.p — Lgg^)) and this 
is isomorphic to H^{F{V),S^T{-1) (g) This vanishes by the Bott theorem 

mHon P{V). 
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This completes our calculation of H'{'3^ ,€14). 

(2) H*{?V,C3i) ~ H'{m,C3ii^)) ^ 0. 

For C34(l) = f$X34{l), we have 

C34(l) = /4(2*)(^^^%) =^/4(2*(detQ-i:%))(-F,). 

by Proposition [6331 Since the following calculations proceeds exactly in the same 
ways as above, we only sketch them. 

First, we have iJ*(^2, (Q*(det Q - L»,))) ~ H'{%, Q*(det Q - L»,)), and 
then evaluate this by the Bott theorem to be i7'(P(y), 5:(i'i'°'°'"^")r(-l)^2 ^ 
©(-1)). We use the plethysm 5:(1'1'0'0'0'")T(-1)^2 ^ z(2.i.i.o)t(-1). Then we 
evaluate H*{F{V),Y.^^''^'°'°-°'°'^T{-1)''^ 0{-l)) ~ H'{P{V), i:^^°-°--^T{-l)) = 
by the Bott theorem. 

Second, we note the isomorphism 

H'{F,, (%Ji.J* (Q*(det Q - ^ H'i^p, Q*(det Q - L^3)|5^J- 

By Proposition 16.3.31 we have now Q*(detQ — Lai^^)\,g^^ ~ TZp{Hp^T{-i)))- Then 
we see that i?'(^p, Q*(det Q - .j^J ~ i7'(P(F), 5:(i^0'0^-i)rj(l)), which ah 

vanish. ^ 
This completes our calculation of H'{'3^ ,€34). 

(3) H'{^,C24) - iI*(^r2,C24(l)) =^ iJ"(jr2,C24(l)) ^ K 

Finally, for C24(l) = T ® Q*(-^^'%), we consider the following exact sequence 
which we derive from (|6.19p : 

^ {f¥,\FSOr(T(-i)){-l)®fty,Q*{M^.+Fp)\F^^Q. 
Then for our purpose it suffices to compute 7i^^T(— 1) ® ltj^.^Q* [May.^)) and 

also H'{Fp, (%JfJ*Cp(t(-i))(-1) «> (ty^Q*{Mi!r^ + -Fp)|fJ- We can compute the 
former in a similar way to the above two cases, and we see that they all vanish. Using 
(1) and (2) of Proposition [^3751 we see that the latter cohomologies are isomorphic 
to H*{^p,TZp). Now, from the defining exact sequence (|6.8p of TZp, we obtain 
H*{^p,np) ~ H'(F{V),T{-1)), which vanish except H°{F{V),T{-1)) ~ V. 
This completes our calculation of i7'(^^,C24). 



Now our calculations of the cohomologies (|8.10p and the cases (l)-(3) above 
complete our proof of Theorem 18.1.11 
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(A.l) 

W = (Wkl) 



Appendix A. The "double spin" coordinates of G(3, 6) 

In this appendix, wc set V4 — with the standard basis. We can write the 
irreducible decomposition (|6.6p as 

where Z'' is the Schur functor. We define the projective space P(A'^(A^V4)) = 
PiS'^Vi © S^KT). The homogeneous coordinate ofF(S'^V4 © S^F/) is naturally in- 
troduced by [vij, w'^'], where Vij and w''' are entries of 4x 4 symmetric matrices. Let 
^ ~ j} I 1 !i * < i !i 4} the index set to write the standard basis of A^V4, then 
the homogeneous coordinate of P(A'^(A^V4)) is naturally given by the[p/j/f] where 
PijK is totally anti-symmetric for the indices I, J, K £ T. These two coordinates 
are related by the above irreducible decomposition. Focusing the different symme- 
try properties of the Schur functors, it is rather straightforward to decompose pijk 
into the two components. They are given by 

^2pi24 P134+P125 P234 +P126 Pl46 - P245^ 

2pi35 P235 +P136 Pl56 - P345 

2j3236 ^256 - P346 
V 2p456 / 

/2p356 -P346 -P256 P345 + Pl56 P235 - Pl36\ 

2p246 -P245 - Pl46 Pl26 - P234 

2pi45 P134 - P125 
V 2pi23 / 

where we ordered the index set I as {1,2, ...,6} = {{1, 2}, {1, 3}, {2, 3}, {1, 4}, 
{2,4}, {3,4}}. Inverting the relations (|A.1[) . we can write the Pliicker relations 
among pux in terms of the entries of v and w. After some algebra, we find: 
Proposition A.l The Pliicker ideal Iq o/G(3,6) C P(A^(A^y4)) is generated by 

2) ^li^jjl^ijl e 2:), 

{v.w)ij, {v.w)u - {v.w)jj {i ^ j,l< hi < 4), 

where I represents the complement of I , i.e., x Cz T such that xU I = {1,2,3,4} 
and similarly for J. \vij\ and {wul represent the 2x2 minors of v and w, re- 
spectively, with the lows and columns specified by I and J. ejj is the signature of 
the permutation of the 'ordered' union I U I. {v.w)ij is the ij-entry of the matrix 
multiplication v.w. 



For all [v,w] e V{Ig) — G(3,6), we show the following relations (I.l)-(1.5): 

(1.1) dot V — det w. 

By the Laplace expansion of the determinant of 4 x 4 matrix v, wc have det v ~ 
X^/ei ^jjl^J^II^/ /I- Then, using the first relations of (jA.2p . we obtain the equality. 

(1.2) v.w = ±-\/det w idi, where idj^ is the 4x4 identity matrix. 

Note that the second line of (|A.2p may be written in a matrix form v.w ~ did^ 
with d = {v.w)ii = • • • = (v.w)ii. Then, by (I.l), we have det v -w = (det w)^ = 
and hence c?^ — (det w)"^ = (d^ — det w){d'^ + det w) = 0. We consider a special 
case; v = aid^, w = aid^. Then d = {v.w)ii = a^. Therefore = = detw must 
holds for all since V{Ig) — G(3, 6) is irreducible. Hence d — iVdet w as claimed. 
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(1.3) rkui 7^ 3 and also rkv ^ 3. 

Assume rkw = 3, then from (1.2) we have v.w = 0, which nuphes rkw < 1. 
However, this contradicts the first relations of (jA.2p . Hence rkw 7^ 3. By symmetry, 
we also have rkw 7^ 3. 

(1.4) rkw = 2 ^ rku = 2. 

When ikw ~ 2, we see rku > 2 by the first relations of (|A.2p . From (I.f) and 
(1.3), we must have rku = 2. The converse follows in the same way. 

(1.5) rkw < 1 <;4> rku < 1. 

This is immediate from the the first relations of (jA.2p . 
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